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that is, by taking « as defined by the average line between the two characteristics
in the physical plane, or the line normal to the midpoint of the corresponding
characteristic epicycloid arc in the hodograph plane (see Fig. 44). The close
approximation of the characteristic epicycloid as given by f from (30.26) and
Table 1, to the oblique hydrauljc-jump relations (30.61) is strikingly illustrated
when they are both plotted in the hodograph plane as in Fig. 45d {see also PrEIs-
WERK (1938)]. The trace of the endpoint of the velocity vector for the oblique
shock wave of gas dynamics, generally called the “shock polar”, is also shown
in Fig. 454 for a specific heat ratio y =2.

As long as f from (30.26) is in close agreement with the oblique hydraulic
jump relations (30.61), then the problems involving the interaction and reflection
of hydraulic jumps can be closely approximated by the same procedure as detailed
previously for the characteristic epicycloids involving compression waves (see
Figs. 43 and 44). Whenever the required flow deflection ¢ is greater than that
provided by the epicycloid passing through F,, as shown in Fig. 43, then sub-
critical flow follows the curved or normal hydraulic jump as indicated by N =1
in Fig. 46. Similarly, N =2 defines the maximum flow reflection angle () that
can occur without ending in subcritical flow with a curved or normal hydraulic
jump. In both cases two curves are shown for the oblique hydraulic jump:
one shows the turning angle & that will make the flow critical (,=1), and the
other one is the maximum possible turning angle 9,y for any oblique hydraulic
jump at the given value of F;. The latter always produces subcritical flow (F,<1)
as indicated in Fig. 43.

All of the preceding results primarily hold for hydraulic jumps in rectangular
cross-section channels with a nearly horizontal bottom. BAKHMETEFF (1032)
shows experimentally the various effects of steepening bottom slopes. He also
generalizes (30.51) so that it will apply to any constant cross-section shape.
However, it must be noted that our Eq. (29.3) shows conclusively that (30.51)
which completely neglects the w velocity component, cannot be applicable to
channel walls that are not nearly vertical. Sloping sides on a channel would
increase the vertical velocity gradients, make a normal hydraulic jump impossible,
and induce unsteady vortex motions.

It must also be noted that all of the preceding results are valid only for rela-
tively small bottom slopes, as indicated by the direct comparison of (30.50)
and (30.51) with (28.1) and (29.3). When the flow is rapidly varying because of
large changes in the bottom slope, then the change in surface profile curvature
is so pronounced that the pressure variation can no longer be considered as hydro-
static. For example, over the spillway of a dam the centrifugal force due to the
streamline curvature can actually exceed the hydrostatic pressure, thereby leading
to a pressure less than atmospheric resulting in flow separation or violent osciila-
tions. At present spillway design is based on semi-empirical methods or model
tests since no satisfactory mathematical analysis is available,

31. Higher-order theories and the solitary and cnoidal waves. It will now be
shown that many of the preceding methods and results based on the shallow-
water approximation are valid only if the local variations in water depth are
not too large, and the average or undisturbed water depth is sufficiently small.
The first requirement implies that the solutions of the first-order nonlinear
shallow-water equations (28.1) do not greatly differ (at least for Froude numbers
not near unity) from the linearized solutions given by (29.3) or (29.7). The second
requirement essentially demands that the depth % be much less than the effective

"Surface Waves Online" - Copyright 2002, Regents of the University of California. All Rights Reserved.


Unknown
"Surface Waves Online" - Copyright 2002, Regents of the University of California.  All Rights Reserved.


702 Joun V. WEHAUSEN and EDMUND V. LartoNe: Surface Waves. Sect. 31.

wavelength 4 in any application, say % < %, in order to reduce the effects

associated with the infinitesimal-wave approximation.

As already discussed, the infinitesimal-wave approximation predicts that
the fluid particle motion varies with the distance below the free surface, and
also that the propagation velocity depends upon the wavelength, as shown in
Sect. 15. There it was proved that the velocity defined by

S e e A o R I

can only be considered a phase velocity while the actual rate of propagation of
energy is associated with the group velocity defined by

dc 1 47w A . 1 (27 h\2
_AH_ZC(Hsinh4nh/z)_”[1_?( 7 )+} (31.2)
[see also LaMB (1932, p. 381)]. Any such variation will directly interfere with
the applicability of the shallow-water results. However, as long as %< —1%

it is seen that the phase velocity and the group velocity are both satisfactory
approximations to the shallow-water first-order result that ¢=)/gh and is in-
dependent of the effective wave length.

This means that if small-scale model tests are used to simulate results appro-
priate to the shallow-water theory, then the undisturbed water depth should be
less than % the principal model dimensions. Consequently, if models less than
10 cm in effect1ve dimensions are used, the depth of test water should be less
than 1 cm, so the capillary ripples produced by surface tension must be considered.
As shown in Sects. 15 and 24 the effect of the surface tension 7" is to increase
the phase velocity for the short wavelength capillary ripples so that (31.1) is

replaced by
c—]/ 2nT ta hznh (31.1)

For ordinary water (at 20°C, 7 =72.8 dynes/cm, g =0.998 gm/cm?) this gives
the interesting result that both the phase velocity and the group velocity are
closely approximated by /g for all A>2 cm if A~ % cm. However, in any small-
model tests the surface wave patterns formed by the capillary ripples must be
ignored since they are short-wavelength surface waves that are never in accord
with the long-wavelength shallow-water theory.

Except for the section on hydraulic jumps the preceding shallow-water results
have all been based entirely on (28.1), the first approximation to shallow-water
theory, and this will now be shown to be limited to relatively small wave ampli-
tudes even though the complete nonlinear equation (28.1) be used, and even
though the bottom surface be flat and horizontal. The second approximation
to shallow-water theory will be shown to immediately yield particular solutions
corresponding to continuous permanent wave profiles of finite amplitude that
can be propagated without a change in form or shape if viscosity effects are
neglected. These permanent, finite-amplitude wave forms are the cnoidal waves
discovered by KorTEWEG and DE VRIES (1895) which reduce, in the limiting case
of essentially infinite wavelength, to the solitary wave of RUSSELL (1837, 1844)
which was first analyzed theoretically by BoussiNesg (1871, 1872) and Rav-
LEIGH (1876).
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The second approximation to shallow-water theory will show that the limita-
tion of the nonlinear first approximation to relatively small amplitudes is primarily
due to the fact that the variation in the vertical velocity cannot be neglected as
the wave amplitude is increased. This of course invalidates even the rectangular
channel hydraulic analogy to compressible gas flow, since, as previously discussed,
the principal assumption of the hydraulic analogy is that the vertical acceleration
be negligible,

The third approximation to shallow-water theory will then be presented to
obtain new relations which will predict the limiting heights of the continuous
finite-amplitude steady-state wave forms and give, for the first time, the complete
second approximation to the

cnoidal and solitary waves. It ‘yj

will be found that the pressure W’”

is no longer hydrostatic, there- | y-JV y=

by violating the remaining princi- ¢ z
pal assumption of the hydraulic Y=Fn

analogy and the ordinary classi- a

cal shallow-water theory.

o) The first and second ap-
proximations fo the cnoidal and
solitary waves. We will now ex-
tend the perturbation method of

Friepricas (1948), which was
used to derive the nonlinear first-
order approximation (28.1) to
shallow-water theory, to obtain
the second and higher orders of
apprOXImatlonS for the SpeCIa'l Fig.47a and b. (a} Solitary wave over a flat horizontal bottom,
case of the steady-state propa- (b} Cnoidal wave () =a cn® (4 wx, k).
gation of a wave independent of
z and ¢ over a flat horizontal bottom described by y =— %, =const as in Fig. 47.
First we will show that the only steady-state finite-amplitude solution of the
first-order equation (28.2) is y®=y,=const and #(®=u,=const. This is most
easily proved by substituting the solution of the zeroth-order terms in (10.24)
for steady water flow over a flat horizontal bottom, namely

w0 — 44(0) (%), 0 =0, 75(0) =0, ,7(0) = ,,7(0) (%), (31.3)

A 2K
Aw Aw

into the first-order terms in (10.27) to obtain
#® =yy=const, vW=0, pP=—9g, KO =y,=const (31.4)

since 5 =0=p{. Consequently the only finite-amplitude first-order steady-
state solution must have 5¥ =0, which would permit only the hydraulic jump
as a solution since ¥ =0 and #(®=const on each side of the finite discontinuity
defining the hydraulic jump. This is in agreement with the well-known fact that
the gas-dynamics equation or (28.2), predicts that any finite amplitude disturbance
must form a finite discontinuity which is a shock wave, or hydraulic jump [see,
e.g., LAMB {1932, pp. 278, 481)]. However, the second-order approximation of
shallow-water theory (10.33) does yield a permanent finite-amplitude, steady-
state wave profile that does not form a discontinuity. These are called the cnoidal
waves, discovered by KORTEWEG and DE VRIES (1895), and the solitary waves
of RusseLL (1837, 1844), BoussiNesg (1871, 1872), and RavLEIGH (1870). In
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704 Joun V. WEHAUSEN and EpMUND V. LaiToNE: Surface Waves. Sect. 31.

order to obtain the higher-order approximations and limiting heights of these
waves, it is more convenient to use exactly the same non-dimensional variables
introduced by FRIEDRICHS (1948), and also used by KELLER (1948), namely,

e=0w?h?, a=wx, B=yh, H=hyh,
u@n p)=u(n ek, ol )= ok
Y =n(@fh,  wlB)=pxegh 61:5)
Y(x) = YO L YO fe2Y® ...
NE)=hYO 4+ BYD Lt BBYD 4.,
the only difference in notation being that x and y are now defined as in Fig. 47;
consequently, the flat horizontal bottom is given by y =— Ay, or f =— ho/h =—H,

and the expansion parameter ¢ =w?A? is used as defined in (10.23), with (31.5)
replacing (10.21).

Introducing the transformation defined by (31.5) into (31.4) and into the
corresponding equivalent of (10.33), we obtain

’U(O) - 0 franed U(l)

%O (o, B) = uy = const, YO (a) =Y, = const = ny/h,

aP =—1, aP =0, uP=vP=0, ull=—0P, (31.6)
w + 7l =0, @Yy =u,YP,
WO (—H) =0, a®(V) = — Y gl — VU (5.

These expressions may be integrated to obtam

ul (o, /3)”‘]‘(06)—%(1)(' ),
v® (e, B) = (05 B) — v® (o, — H)
=*_{Ifad13=—(ﬁ+H)fa, (31.7)
M a, ) = — [ugfuda =—(ugf + C) = (@) = YP(ar),
Y=l =y fy = (S

The identities in the last equation show that the solution for constant #, is
restricted to the unique value defined by

(%, y) =y )gh =) gh(Yo-+H) =g + hoo) = const (31.8)

which corresponds to the infinitesimal-wave propagation velocity (28.3) and
shows that the steady-state solution will be in the neighborhood of the critical
speed defined by a Froude number of unity. However, 4=/ (x) now provides
a finite-amplitude steady-state solution that does not form a discontinuity;
consequently, the behavior of the second-order shallow-water theory is mathe-
matically completely different from the first-order (28.2) shallow-water theory
or the gas-dynamics equations. The pressure variation is still hydrostatic, since
70 does not depend upon 3, and only +® has a direct dependence upon g (= y/h).

Now in order to continue the solution and determine f(«) we must introduce

some &3 terms. By following the same procedure as used in collecting the &? terms
for (10.33) we obtain for the particular case of steady flow over a flat horizontal
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Sect. 31. Higher-order theories and the solitary and cnoidal waves. 705

bottom the following additional terms that are required for completing the second
order solution:

U = o, W =— o),

gD+ O ulD + 7P =0, wyolP + 7P =0

WO =g P+ u T — off YO, o(—H) =0,
a® (Yy) = — Y@ ng)) = Y@,

(31.9)

These expressions were first given by KELLER (1948) and they may be directly
integrated to give the following:

WO= [ df=— 1, [ (B+H)dp
— b(B 2HB) frat R0 =4 (s, )
200, ) = YO (o) — [3(YF —£7) + H(Yo — )] t fua

09, ) =0 o, ) — VO, — H) =] — w9 af (31.10)
—H

=[G+ HY + FH(— H)] fo0u— (B+H) R,
U(B)(Y0> = Uy }{«(2)—‘ %Offoc—' ("‘of + C) /a:
=g (VW+3HY]— 2H% fyuo — (Yo + H) R

The last equation for v gives the following expression for the ¢2 term in the sur-
face profile

g Y® () =g 2 +C [+ & (Y§+3HYE—2H? f,, — (Y + H) R + const, (31.11)

while a similar expression may be obtained directly from a®(Y]) by equating its
relation in (31.9) and (31.10) so as to obtain

o Y9 ) =ty (V) = — 1 Lt e® + $u0%]py, .
=3ud(Y§ +2HY,) fooo — s R (o) — 3, f2 -+ const. 61.12)

Since (31.11) and (31.12) must be identical, we may equate them and fmd
that f(«) must satisfy the ordlnary differential equation

fru— g = S+ Co=0 (31.13)
after having introduced (31.8) to eliminate ¥;. Eq. (31.13) may be integrated to
Fubft— g~ C 2+ 2ufCyf = const. (31.14)

Upon noting from (31.'7) that /(a) =»" («) and

%"—f=—[1+yaé(°°)],

it is evident that (31.13) and (31.14) are the same equations as obtained by
BoussiNesg (1871, 1872), RayieicH (1876), KORTEWEG and DE VRIES (1895),
LAVRENT'EV (1943), and KELLER (1948). The physical significance of each term
in (31.14) was first pointed out by BENJAMIN and LIGHTHILL (1954), who derived
(31.14) in an entirely different manner, starting with the same series expansion
of the stream function as was introduced by RavLEIGH (1870). BENJAMIN and
LiGHTHILL (1954) use the continuity equation (30.49), the specific-energy equa-
tion (30.50), and the specific-momentum equation (30.51) to derive the equivalent
Handbuch der Physik, Bd. IX, : 45
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706 Jorn V. WEHAUSEN and EpMUND V. LartoNe: Surface Waves. Sect. 31.

of (31.14), and then they give a very useful discussion of the mathematical and
physical behavior of its solutions.

The appropnate solution of (31.13) for the boundary condltlons shown in
Fig. 47 is given by the square of the Jacobian elliptic function “cn” having the
modulus 0<C2=1 and the real period

ad
Kk - f:’: 2.
4K(F) 40 V1—k2sin20> 7

flo) =— Ben? (4 o, k) ' (31.15)
into (31.13) we find that (31.15) is a solution if, and only if, 0<<2=1 and

Substituting

B=tuarpe=2" 0 = (31.16)
Uy 2k —1 242(1— k%) ° ’

Substltutmg (31.15) into (31.7) and (31.5) we obtain

7 (%) =no+w2h33uo[cnz Aoz k) — 222 }Jr 0(e¥).
The boundary conditions in Fig. 47 then yield
M)—m+MWB%*”2=m
n(AIi) 770——w2hsBu0 k —O (31.47)
4=l Buy, ny=a 2k;;1 ,
n(x) =acn?(Awax, k).

Then upon introducing (31.8) and (31.16) into (31.17) we obtain
—* 13 Yo _ % ]/ 3 a/hes
dox= hoo l/4k2 1+ n0/hoo)® ™ hoo l/4k2 (14 (a/hoo) (282 —1)[R2}
K 3 a 3 a 2k—1
= TkET{1“?ﬁ - _|_} (31.18)

a 2k2—1]%
I 4k27; “ B

as the exact second—order shallow-water theory solution for the first approximation
to the cnoidal waves of KORTEWEG and DE VRIES (1895). The remaining terms
in (31.6) and (31.7) may similarly be solved to give .

pry) _ nx) —y a 2k2—1 72
08k heo +O[oo k2 }
uix _ ., 11\ a 7 (%) a 2R2—172
wa”*“vﬂm—%+ﬁaﬁrﬁ

2y ——(1 + —h%'g-) —3—(h—(:;f cn(Adwxk)sn(Awx,k)dn(dwx,k) + ; (31.19)

Ve oo o
+o[h_‘:; 2;,;2_1F
=+(1+ hw) dn(x) _|_0[ @ iﬂk%;_‘_}%,
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Sect. 31. Higher-order theories and the solitary and cnoidal waves. 707

where cn, sn, dn are the Jacobian elliptic functions with the argument Awx
defined by (31 18). It must be noted that 0<<A=1; %k can never become
identically zero for two reasons. First, because for £ =0

cn? (4 w %; 0) = cos? (4 w %)

is not a solution of (31.13) or (31.14), and second, because the asymptotic expan-
sions given in (31.48) and (31.19) are only valid as a%/k%—0.

The limiting case of k=1 corresponds to an essentially infinite wavelength
since K(k?)->oo as k2—1, and the cnoidal-wave solutions reduce to

G et S R B
Py W=y 4 g ey
ng(;;;o heo , (?:) \ (31.20)
"ng:“F?“— 0 ()
el = (i ) o)

which provides the exact first approximation to the solitary wave.

All of these solutions for the cnoidal wave and the solitary wave are in exact
agreement with the expressions first given by KORTEWEG and DE VRIES (1895,
PP. 430—431) if one neglects the terms of O (a/h)?. It will now be proved that
the terms of O (a/he)? must be neglected in these first approximations because
the second approximations introduce additional terms having this order of
magnitude.

We can continue to the next order of approximation by collecting the remain-
ing terms corresponding to &%, and adding some of the &* terms that are necessary
in order to complete the solution

A (V) = YO — YO ) (¥,)

up = o), u® =—ofd,

g 12 + 4D - u® ) | 7 + o@D uf) =0,

1o 02 + D @) + 7P - @) =0,

O (V) = 1y Y 4 20 Y0 o Y0 — ofp YO — ) YO,
o (— H) =0.

Now we can combine the expression for »® in (31.10) with that in (31.21)
to write

(31.21)

R L o el SPS
— % (B +2H) Ry + S @) '
Then the expres’sion for % in (31.21) yields
@ (x, f) = — — S
v [, B 25 =— 115 + ) S+ 512
+ 1} 120 (/35+5H/34"2OH3/32+16H5) ffxmcoux'_% (/33+3H/32_2H3) Rocococ] ‘

45%
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708 JouN V. WEHAUSEN and EDMUND V. LAITONE: Surface Waves. Sect. 31.

The boundary condition defined by the expression for »® in (31.21) thereby
gives one relation for Y® that may be written as

11 Y (o) = 0@ (V) — [u® VP — o) VO] — [u® Y0 — o) y(1)]'
= ot () — [ Y@, — [u® YO, } o1
which may be directly integrated, upon substituting (31.23) for v@, as
ty Y, = [ oW (Yy) dat — 4D (V) Y — 4@ (Y;) YO
— const — {T;E (Y +5H Y — 20H3 Y2 4 16H5) £,y 00 +
— = (Y + 3H Y¢ — 2H%) Ryy+ (Yo + H) S(2) + (31.25)

+ L |5 (8 4 2H ¥) fua— R — G| +

%

+ [g (Y6 + 2H Yy) forq— R(“)] [+ CJ}-

Another relation for Y® may also be obtained from the other boundary con-
dition defined by the expression for ¥ in (31.21), namely

YO (0) = 2® (Yy) + YO 2 (Y,), (31.26)

where 7® itself may be obtained by integrating the expressions for #{® and
7§ in (31.21) to obtain

a® (o, B) = — uo u® — D y® — L [vD]2 | const. (31.27)

Then substituting #® from (31.27), &) from (31.10), «®={, 4 from (31.10),
#® from (31.22), y®=— (#,f +C) and Y® from (31.12) into (31.26) we obtain
another relation for Y®, namely,

Y (o) = — (g0 (V3 + 4H Y — 8HY)) fyuo— $0d (Y3 + 2H Vo) Ryt
+ug S — Fuy (Yo +2HY) o+ uof R+ 34 ()2 + (31.28)
+ (o f + C) uj f, o+ const}.

These two expressions for Y®), (31.25) and (31.28), must be identically equal;
therefore, since u, is defined by (31.8), we find that the unknown function R
must satisfy the ordinary differential equation

% uh Ryo— (u% +3 f) R + const

:31—0%2(%3"SHz)fuaaa—%(“3“3112”]‘““_]". (3129)
e O B fat p 10+ 5 P

the other unknown function S(x) having been eliminated since #2=Y,+H.
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When f(«) is given by (31.15), then the solution of (31.29) is

" R(w) = CV?_ {( 2k§2 )2 (1~— 2 %2) cn® (Ao, k) +

10 (2RE—1)2 s

4
k2 3 H?
+ e 1 3%)@12(/10( k) —

and (31.11) or (31.12) give the ¢ term of the wave profile as

C\2 k2 2

YO0 = (£ {3 (g ont (4 B — (31.31)
5 R 12— 57 k%457 k4 '
— 3y o e B+ P

Consequently, the second approximation to the cnoidal-wave profile is obtained
from the preceding and (31.5) as

1) =1 + @ 13 YO - od J5 YO 0 (&)
k2
=N — " [1‘—2‘,;2-_70112 (Awx, k)}—i—

S (3 R . 5 R . (31.32)
+ 770+hoo[ <2k2 )cn (Awzx, k) S ST " Aowx, k) +
12—857A24 574
+ 20 (242 —1)2 _]’
where

m=C I = (Aw)*$ 2R — 1) (hd)?
= (Aw)*§ (28 — 1) (o + hoo)®-
Then the boundary conditions shown in Fig. 37c yield the relations:

o k2—1 n3 12—7k2—28k%
n{0) =a —%*Wrm"" othoo  20(2R2—1)%

(31.33)
M) =0 =1o—m+ %ﬁ,m [ 12235’27:::5)?4 } )
which may be solved to give the second approximation
) (] B o)
e TS A
%%l:(i;)cnzwwxxk)“‘%(‘h%>an(wa’k)X .
X [1—cn? (Ao B)]+0 (%)3,
where now
aor= 7 Pl ) e () 20
(31.35)

=%%%ﬁ%%¥%%ﬂﬁ%%ﬁ
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710 JorN V. WEHAUSEN and EDMUND V., LAITONE: Surface Waves. Sect. 31.

The remaining &* terms from (31.10) may then be combined with the & terms
from (31.7), by means of (31.5), to give

= e

2k2—
+2(2k2—1) cn? (4 w , k) — 3k2cn4(wak)}+0[( ) - ]

)
R e L R
() R e o~
? _|_%<% %—)]cn“(/lka
e o )5

v( ) :_Vi< a )3<1—}——h;)cn (Awxk)sn (Ao k) dn (4 ox k) X

(31.36)

Vero R \ oo
G e e+ -
_%(h ><1 6_y" 3h2 )C“”AM”B)FO[(ZO)(M; )J%

For the solitary wave we have k=1 and essentially infinite wavelength, so
that (31.36) reduces to

%z»%sechz(wa)—%(%)Zsechz (4w x) X
< [1— sech2(wa)]—|—0(hoo)3,
wa_—l/ 1—% ~a— —}-O(%)%,
PR/ s
X [2sech? (4 w x) — 3 sechs (wa]+0({;)3,
e e o
71_% _‘:; [1-}-6(% Hsechﬂwa
IR [IDEIRET Y]
]/gh) W(a ( )Sechz(Aw )tI:h(wa)
-
(1—67;—3E)sech2 (wa)}—{—O(K) .

The celerity or propagation velocity ¢ of a solitary wave is defined by (31.37)
as the constant uniform motion attained as x— oo,

N
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In Fig. 48, Eq. (31.38) is shown to be in better agreement with recent experimental
data than is the commonly used Boussinesq (1871)-Rayleigh (1876) propagation
velocity given by

i YD ) -

The past success of the Boussinesq-Rayleigh equation, as opposed to the
propagation velocities derived by McCowan (1891), as indicated in Fig. 48, is
easily explained when 140

one notices the close Buussinesg(167)
numerical agreement of 1351 Raylejgh(l676) )
the coefficients of the (130,

Boussinesq-Rayleigh - Eq“"' o Duvins (57)
equation with the exact sl Vs tomads (1957)
second approximation ) A o
given by (31.38). oo /// e (wgl’mw)

A comparison of the Ve 7P (v

second approximations e /
with the first approxi- -
mations to the cnoidal Lt
waves proves conclusi- sk
vely that only the proper )
order of a/h, must be 7, S Y R R N S L]
retained for each order ¢ uow o E/“Z “® w6 w

of approximation. For
example, a comparison
of (31.18) with (31.35)
shows that a completely
erroneous second ap-
proximation would be
obtained by trying to
extend the first approxi-
mation to include an
additional a/hs term.
The reason for this is
evident upon comparing
the first and second ap-
proximations for 7, in
(31.17) and (31.34). Each

successive approxima- -+ 2 //Z ‘
tion directly affects P o, C f fsst (3147 :1" 4 tion o th

I ig. 49. Comparison of first (31.47) and second (31.37) approximation to the
all the coefficients of solitary-wave profile, 7 (). )

the corresponding /Ao
terms. Fig.49 shows the effect of the second apprqximation on a solitary wave.
Of course it must be remembered that the expansion method of FRIEDRICHS
(1948), which was used to obtain all the preceding results, is applicable only to
shallow water, or long-wavelength wave propagations. However, this is precisely
the nature of the solitary wave, especially if the amplitude a/A« is relatively small,
since its wavelength, as a member of the family of cnoidal waves, is essentially
infinite since K(k?)—oo when £—1. Also, FRIEDRICHS and HYERS (1954) proved
that this expansion method does yield an existence proof for the solitary wave, and
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thereby demonstrate that it will at least provide asymptotic descriptions of the
exact solition for the solitary-wave problem. The corresponding existence proof
for cnoidal waves (in the neighborhood of the critical speed defined by a Froude
number of unity) was given by LITTMAN (1957). Again this justified the Fried-
richs expansion method, at least as an asymptotic type of series development.
An additional discussion of these existence proofs is given in Sect. 35.

B) The limiting height and velocity of propagation of cnoidal and solitary waves.
It is interesting to note that with the second approximation the pressure is still
hydrostatic for ¥ &~ 0, but is no longer hydrostatic as the bottom (y =— o) is
approached. Similarly, the variation of the horizontal velocity component with
depth below the surface becomes important in the second approximation only upon
approaching the flat horizontal bottom. However, the finite vertical velocity
component is now seen to be the principal variation from the basic assumptions
of first-order shallow-water theory. The first approximation given in (31.19)
gives a monotonic variation in v(y) that is obviously necessary from physical
considerations in order to satisfy the continuity equation. However, this mono-
tonic variation in v(y) is of the higher order (a/h)? so that it can be neglected
in the first-order equations (28.2) as long as the resulting local variations in #
are sufficiently small.

The second approximation to the wvertical velocity component, as given in
(31.36), now shows that the variation of v(y) will no longer be monotonic as
afhe increases. This leads one to suspect that there is a limiting value to /e
for cnoidal and solitary waves. For example, (31.36) shows that in the neighbot-
hood of the wave crest, where x &~0 and

cn? (4 w x) N'l—(wa)2=1—%(ﬁ)(%){l—O(%)z,

v(y) actually has a reversal in its direction if a/he exceeds the value given by

()= oi7z (3139)

for any value of ¥ = 0.

This limiting value can be substantiated, at least in the limit as £—1, by
noting that (31.33) has a real solution for #, only if

2k —1 _L<170m _ 5(2k%—1)?
k2 ke hoo = 7—37k2(1—R2) "’

leading to a limiting value of

a 5k2 (242 —1)
(E)maﬁ TR (31.40)

The most interesting application of these results is to the solitary wave,
defined by % =1, in which case we find from (31.38), (31.39) and (31.40) that the
limiting heights and the corresponding total velocity at infinity are given by

u(00)
Ven
Either of these limiting heights would be satisfactory for a solitary wave since
recent experimental investigations by IPPEN and KuLiN (1955), DamLy and
STEPHAN (1952), and PERROUD (1957) have shown that under properly controlled
conditions most solitary waves have a/hw<<0.7, the maximum recorded value
being 0.72. Not only are the limiting values given by (31.39) or (31.40) in excellent

a -8 _ 5 _
(;;)max— T=0.7273> 2 = 07143,

} =1.284>1.281. (31.41)
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agreement with recent experimental data, but they are consistent with the order
of approximation involved. The value # is derived from the vertical velocity
variation given to the order (a/h.)} by (31.36), while the value § corresponds
to the terms governed by &? or (a/h)? in (31.32).

Many attempts have been made to determine.the limiting height of a solitary
wave. However, nearly all of the theoretical calculations have been based on
STOKES’ {1880, p.227) relation which assumes that for the limiting heights of
any wave the wave crest must form a sharp peak or cormer having an en-
closed angle of 120° in order to reduce the relative local velocity to zero at the
crest itself [see, e.g., Sect. 33 or LaMB (1932, p. 418)]. This 120° enclosed angle
at the wave crest was assumed by McCowan (1894), STORES (1905), GWYTHER
(1900), Davies (1952), PackHAaM (1952), Goopny and DAVIES (1957) and YAMADA
(1957). Several of these values are compared in Fig. 48 with experimental data,
and with the theoretical values given by (31.38) and (31.41). It is seen that none
of these limiting heights for solitary waves are in as good an agreement with
the experimental data as is (31.41). A reasonable explanation of the failure of
the 120° sharp crest wave to provide a satisfactory limiting height for a solitary
wave may be obtained by noting that KorTEWEG and DE VRIES {1895) proved
that any finite-amplitude profile that did not correspond to (31.17) or (31.20)
would not be steady with respect to time. Consequently, (31.37) defines the
only possible steady-state solitary wave, and when a/hy, >1% the vertical velocity
variation reverses its direction near the crest. This probably leads to an unsteady
wave crest that breaks unsymmetrically.

Eqgs. (31.38) or (32.52) show that the solitary wave occurs only in super-
critical flow since the Froude number corresponding to the propagation velocity
is always greater than unity. Its velocity of propagation is always less than that
of the corresponding hydraulic jump of the same height as may be seen by com-
paring (30.55) with (31.38), after expanding it in powers of a/d,=a/h,,:

a 1 a a

Bt =1+ i) - ba) tol) (30.55)

However, the cnoidal wave can occur in subcritical as well as in supercritical flow,
and as shown by BENJAMIN and LIGHTHILL (1954), the undulating flow in the
subcritical region behind a hydraulic jump produced at all Froude numbers less
than J/3 may well be represented by these cnoidal waves. The fact that cnoidal
waves can form in subcritical flow is easily shown, even in the first approximation,
by writing the horizontal velocity component from (31.19) as

© 4t (e
o= ! sz(hw)<1 for all f<1,
K (31.42)
u(ﬂ) 1 ,

— a 2 -1
—Vg_h.";_o———i‘f—(1"“2?>(h—°;><1 fork<~2~.
Therefore (31.19) shows that any definition of the wave propagation velocity
would be subcritical when 42<<g. STOKES (1847) (see Sect.7) has given two
logical definitions. of the celerity or propagation velocity of permanent periodic
wave forms, and each one would define a critical celerity corresponding to a dif-
ferent value of %, varying as 3<4%<C1, the solitary wave (% =1) being always
supercritical for a finite amplitude. However, the existence proof for cnoidal
waves by LITTMAN (1957) is only valid for average velocities (defined as the
velocity of the vertical plane that would have zero average flux across it) that
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are near critical. An interesting physical and mathematical explanation of these
flow restrictions is given by BENJAMIN and LIGHTHILL (1954). The main consider-
ation, as shown in Fig. 56 on page 754 and Sect. 335, is that the finite-amplitude
periodic waves corresponding to £2<C0.9 may be better described by using in-
finitesimal wave theory. This becomes necessary because the wavelength of the
cnoidal waves decreases rapidly with %2 when % is near unity. Fig. 56 indicates
that not only must the wavelength be large compared to the water depth, in
order to satisfy the shallow-water expansion method, but also the amplitude of
the cnoidal wave must become extremely small for values of £22<<0.9, or for
subcritical flow.

KoRTEWEG-and DE VRIES (1895) have also shown how negative cnoidal or
solitary waves can be formed when the water is very shallow and surface tension I°
is considered. Their correct first approximation may be written as

M—i( )cnz(wa k),

heo

3 a/hoo T
PP T =
@ oo \ 4B [1— 3 T]gghl)|

where the negative algebraic value is assigned to the surface profile whenever

(31.43)

3T 1
hoo<]/ 0r Y2 cm  for water. (31.44)
These negative waves have a very small amplitude and a very large wavelength,
but can create a surprising particle motion. It is interesting to notice that the
depth of A, =% cm, which, if it could be maintained, would eliminate both soli-
tary and cnoidal waves, is the same depth found from (31.1’) and (31.2) to give
nearly the same value of |/gho, for both the propagation velocity and the group
velocity of infinitesimal waves (also see Sect. 15). Consequently the depth of
4 cm seems to be the optimum for ordinary water (7= 72.8 dynes/cm) whenever
one uses small models to simulate results appropriate to the first-order shallow-
water theory of (28.2), since this particular depth minimizes the effect of group
velocity and variation with wavelength for the infinitesimal waves, and mini-
mizes the second-order effect due to the existence of finite-amplitude cnoidal or
solitary waves. However, the variation of # must remain sufficiently small since
a finite increase in % above h, =% cm could still produce cnoidal or solitary
waves. Also, the short-wavelength or capillary ripples that will form must be
neglected in these model tests.

F. Exact solutions.

The word “exact” in this context is generally understood to mean solutions
in which there has been no approximation in the equations or boundary con-
ditions. However, this usage of the word does not exclude neglect of viscosity
and, in fact, since positive results have been obtained only for perfect fluids, the
treatment below will be restricted to them. Indeed, the present results in the
theory of exact solutions are restricted, with few exceptions, to a very special
class of motions, namely, those which can be represented as steady two- dlmen-
sional flows.

In Sect. 32 some general theorems will be established. In Sect. 33 waves of
maximum amplitude-to-length ratio are discussed; because the methods are
intimately related, we have also included in this section a discussion of HAVE-
Lock’s method of approximating periodic waves. Sect.34 treats methods of
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obtaining éxplicit exact solutions and of various ones which have been obtained.
In Sect. 35, the last, existence theorems are discussed, but only in a descriptive
way, for proofs are highly technical and lengthy.

32. Some general theorems. This section will be devoted to several theorems
of a rather general nature concerning the motion of a fluid with free surface in
a gravitational field. The theorems in subsection 32« are mostly of a kinematical
nature and are associated with the phenomenon of mass transport already dis-
cussed in subsection 27x. The last part of this section is devoted to several theo-
rems on energy and momentum. In subsection 328 some theorems concerning
waves in heterogeneous fluids will be established. In subsection 32y several dif-
ferent ways of formulating the problem of motion with a free surface will be
described. ,

«) Kinematical theorems—mass transpo¥t—energy integrals. The first theorem,
due to M.S. LoNGUET-HIGGINS (1953), is independent of the presence of a free
surface or of the nature of the time dependence. Let f{z) =@ ¢ ¥ describe a

space-periodic motion, i.e. f(z+74) =/(z). The definition of ¢ will be normalized
so that

j@(x, v, 1) dx=0. (32.1)

Note that if this condition holds for one value of ¥, it holds for all since
0/ A 2
-E;f@dx:——f@ydxz—f%dx:—— Wl 9,8+ PO, 8 =0.
0 0 0

In Eq. (2.10") we shall write

P _b ba ba _ L 2
= eVt T =AN— B— (h0) (32.2)

In the following we define an average by
A
= 1
Fly, 9= [Fle,y.0 dx. (323)
) 0

Theorem. In a non-uniform space-periodic motion w2, v%, —p, each decrease
with increasing depth, provided either @, (v, —%,#) =0 or lim @,=0.

Py—>—00

This may be proved as follows. Consider first ¢*=u2--9% Then

7% oy 7
0

2 A
o
L Fal (@ o= [@.0,10,0,)x
0

A
— 4 [1@,8),— 20,8, dx
; 1 (324
0

A
4
=—7.[@y@”dx.
0
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By a similar computation it follows that

A
2 m—
a—ayz‘qz:%f@ﬁx-l-@y) dx >0, (32.5)
0

since we have assumed that @, is not constant. It is evident from (32.4) that,
if the fluid is bounded below by y =— 4, then

%E(—h, £) =0; (32.6)

if it is infinitely deep, it is an assumed boundary condition that @,—0 as y +>—

and hence

—j;q_z—ao as y—>—oo0, (32.7)

In either case it then follows from (32.5) that 0¢2/0y is an increasing function
of ¥ and hence
iy

with equality occurring only for y=—h. In fact, even more can be concluded,
for (32.5) is like 92 itself with @ replaced by 2®,. Hence, by repeating the above
reasoning one may establish that

o2 — - n—1 -—

o2
S >0, G 20, m=12.... (32.9)

Next consider #*>— 2. A similar computation shows that

o (0 f t=2[0,8,)i=0.
Hence L .
w2 — 2 =C() =12|y— _por—oo- (32.10)
It follows from (32.8) that
w=}[P+C], P=}[F-Cl, —p=%F—40) (211

are each increasing functions of ¥, i.e., they decrease with increasing depth.
For infinite depth LoNGUET-H1GGINS shows further that, if axes are chosen such
that # =0 at y =— oo, then the quantites |#|, |v| and |p,| all decrease exponen-
tially to zero. He had shown earlier (1950) for exact waves (we shall not carry
through the proof) that

2542"2*572’72_”2~ \ (32.12)
Hence it follows that
1 62 J—
pd |y="h°f —o0 = 2 @tz 77 (32'13)

For purely progressive waves this quantity vanishes, but we recall that for stand-
ing waves we found earlier-a constant pressure fluctuation of double the wave
frequency [see (27.62) and (27.65)] if second-order terms were retained.

Mass transport. In Sect. 27 [see (27.39) and (27.41)] it was shown that a
forward drift, called ‘“mass transport”, occurred in progressive waves if second-
order terms were taken into account. It was shown by RavLEIGH (1876) in
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a proof valid only for infinitely deep fluid that mass transport must always occur.
The proof is independent of the dynamical free-surface condition. LEVI-CIviTa
(1912) and later URSELL (1953) developed methods of analysis to include both
finite depth and nonperiodic waves; essentially URSELL’S analysis has also been
given by NEKRrRASOV (1951) for infinite depth. The analysis given below is due to
LoNGUET-HIGGINS (1953) and is similar to that used in the preceding theorem.
We note that STARR (1945) has also given an instructive and perspicuous deriva-
tion of RAYLEIGH'S theorem for infinite depth.

Take the wave as moving to the left with velocity ¢ (in the sense of Sect. 7)
and impose a uniform velocity ¢ in the opposite direction, so that the motion
is reduced to a steady omne, generally in the positive x-direction in the sense
that #>¢>0. We may then write the complex potential in the form

[ =0+i¥=catg+iy, (32.14)
where Re f'>¢>0 and

DPx+ndy)=ncd+DPxv), YE+uiy)=¥9vy. (3215

We take @=0 at a crest and assume ¥ =0 as the free-surface streamline and
¥ =-—Q as the bottom streamline if the depth is finite. One may invert the
relation f=/(z) and obtain z==2(f). Then, since ¢%4=0,

1 D, +iDy 1

z,(f)=7,(—z)~=ﬁmi—-?(u+iv) =Xp+1Ve. (32.16)

Denote by T(¥) the time required for a given particle to progress one wavelength
along a streamline ¥ =const. In the original wave motion, the time elapsed be-
tween the passage of two successive crests over a given point is Aje. If 7> Afc,
the particle is being transported with the wave and it will be reasonable to call

A
Y =g -
U)=¢ @) (32.17)
the mass transport in the direction of wave motion. The following theorem is
true.

Theorem. Both T and U decrease with increasing depth, and, with the assumed
definition of ¢, U>0.

The theorem may be proved by the following computatlon
s(A) ch

T(W) = [+ds= [ 155d0= fxq;—[—yq,d@ f(xqr}—xq,)d@ (32.18)
0 0

T(P) =4fx@ Xopd D, (32.19)
0

ch
T"(¥) =4 of (*%o + v¥u) dD. (32.20)

The details of the computation are almost identical with those used in deriving
(32.4) and (32.5). Since

1
? Qy =0 on g[ = — Q ,
it follows from (32.19) that T'(— Q) =0. Then, since T"'(¥)>0 unless the flow
is uniform, it follows that

Xg=—Yo=—

T'(¥) =0, ‘ (32.21)
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with equality holding only for ¥ =— (. As in the earlier theorem, the computa-
tions can be extended to yield

TPy >0, Te~V(P)>o0. (32.22)
It now follows immediately from (32.17) that
U =o, (32.23)

with the equality holding only for the bottom streamline. If the fluid is infinitely
deep, then U'>0 for all ¥. To complete the proof we must show that U>0,
If the fluid is infinitely deep, it is evident that

lim T(¥)= (32.24)
P> —00
Hence lim U =0 as ¥ —— oo and the conclusion follows from U’>0. If the depth

is finite, we compute
¢l
=[x A
T(— Q) —fx¢d¢> =
0

cA 2
fxq,zzQSJ — 1=t (32.25)

ch ¢’
0

here use has been made of the Schwarz-Bunyakovskii inequality. (We have
written >> rather than =, for the equal sign will hold only in the trivial case of
a uniform flow.) It now follows that U(— Q)>0 and hence that

U(#) >0 (32.26)

since U’ =0. This completes the proof of the theorem.

The method of analysis can be extended to prove an analogous theorem for
nonperiodic steady motions which approach uniform flows as x> oo, in par-
ticular, to the solitary wave.

Momentum and energy integrals. We close this section with several
momentum and energy integrals, most of which have been found by LevI-CiviTa
(1912, 1921), STARR (1947a, b, 1948) and -STARR and PrLATZMAN (1948).

Let us again take the wave as moving to the left without change of form and
impose an opposite velocity ¢ which brings the profile to rest (or, equivalently,
consider the motion relative to a coordinate system moving with the wave).
Let the velocity potential be as in (32.14). Consider the area bounded by two
streamlines ¥ =Y, and ¥ =Y, say y =, (x) and y =1, (x) and two vertical lines
a wavelength 4 apart. To this area apply the theorem

[f( @24 P} do = DD, ds. (32.27)
This yields
Nal{xy+4)
ffl(c + u)? —l—vﬂda_ f D(xy+4, y) D, dy — f (D(xo, VD, dy  (32.28)
(%4 4) (%)
since @,=0 on the streamlines. Moreover, since @ (x +4, y) =cA+D(x, y),
D,(x+Ay)=D,(x,y)=c+u and #;(x+ 1) =n;(#), the right-hand side of
(32.28) may be written as

%o) (%)
¢4 (772 (%0) — m(xo]Jrcl(f;Px(xo, y)dy = c2A[nz(x) — 1?1(x)]+cl(f)%dy- (32.29)
Mi%o %
Expanding (¢ +#)? and rearranging give
N3(%)

[ +v®)do+2¢ffude+c2[[do=c?A[n,(x) —n (2)] +cAfudy. (32.30)

(%)
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A
If one now applies the operator 21 ... dx to (32.30), one obtains
0

[+ ) do +c [fudo =0 (32.31)
or, after multiplying by %o and rearranging,
Jf2e + o)) do=3%c[f —oudo, - (3232)

i.e., the kinetic energy per wavelength between two streamlines equals ¢ times
the momentum in the direction of the wave (here to the left).

Next let us write the integral (2.10") in the form
tollc+uf+o]+ogy+p=1ed, (3233)
the form of the constant having been chosen for later convenience. Write the
terms p 4 gy as follows:

P+ egy=a—i[y(¢+egy)] —y—%(zﬂregy)
= - [0(b +ogy)] +y 500 (3234)

— Iy +ogy)] — ot + pr (v0).

Here we have used the second equation of (2.6). We may now write (32.33) as
follows

29(%2—02)+90%+ay [y(zﬁ+9gy)+ () = el —e). (3235)

Next let us integrate Eq. (32.35) over the same area as is described in the preced-
ing paragraph. First consider D(yv)/D¢. Since the motion is steady in the selected
coordinate system,

o) =@+ TEL 40U gy Doy,

where the last equality follows from the continuity equation. Hence

ff%(y@dg:éyv(u%—c,v)-nds=¢yv@nd8=0 (32.36)

since @,==0 on the streamline boundaries and the integrals over the vertical bound-
aries cancel from periodicity. The integrated equation then becomes

A
[T hon — ) do - ff udo + [ na() [p (%, m0) + ] —} 65237
— 11 (%) [ (%, m) +egml}dx =% o(ei — ¥ [[ do.
If one eliminates the second integral by means of (32.32), one obtains
A
[ ¥entdo+3] 4wt do—[mlb (e +egm] — } 5258)

—m[p(x ) +oegmlidx=30(c*—c) [fdo.

Eq. (32.38) has a simpler aspect if the two streamlines are taken as the free
surface 7 (%) and the bottom y =—4. Then p(x, (%)) =0 and the third integral
becomes

f@gnz x)dx +hf[15 %,—h) —oghldx
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Moreover, )
JIptn — 1) — gl dx =0 (32.39)

if the x-axis is taken at the mean water level. This follows from the following
sequence of equations, similar to those used in (32.36):

f[ﬁ =) ‘Qgh]dx—ffa [p(x9) +0gy]ldo —

_ff[”+° ax”+”*“U}d0——ff[fvu+c)+_vz do| (32:40)
:(ﬁ”(u""c’”)'”d0=—(ﬁv¢nd0:o,

Eq. (32.39) now allows us to give a simple physical interpretation of the constant ¢,
in (32.33). For if (32.33) is integrated along y =—2%, and account is taken of
(32.39), one finds

2
%f(u—}—c)z dx—=ci>c2, (32.41)
0

i.e., ¢} is the mean square velocity of fluid along the bottom. The inequality
follows easily from

fux—h dx—f%x——-h) @4, —h) — @0, —h) =0. (32.42)
If the ﬂuld is infinitely deep, #—>0 as y—>—o0, and (32.41) reduces to
2 =d. (32.43)

If, following (15.27), we let Ty, Tyavs Tyay, Yavs May denote the average kinetic
energy, the contributions to this due to the x and y velocity components, the
potential energy, and the momentum in the direction of wave motion, respectively,
then (32.32) and (32.88) may be expressed as follows:

2T =My, Tiwt 3Ty =270— 50l — Ak, (32.44)

where the last term of the second equation is zero for k= oo, The first equation
is essentially due to LEVI-CiviTa (1912, 1921), the second to STARR (1947D).

We note another simple consequence of (32.41), due to Levi-CiviTa (1924).
Let us integrate (32.33) along the free surface for a wavelength and divide by
%0/. Then, remembering our choice of x-axis as the mean water level, we find

2
= f [(o -+a0)2 + 0] dx = cf. (32.45)
0

On the other hand, if we compute the velocity at the intersection of the mean
water level and the profile, we also find

(¢ + )2+ 0*f,co =l (32.46)

Hence the absolute value of the velocity at the mean water level equals the root-
mean-square velocity along the surface profile or along the bottom, or, indeed,
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along any streamline, for in the reasoning in (32.40) we could have substituted
any streamline y =, (x) for ¥y =—h and obtained

A
of [6(% m (%) — egm(x)]dx=o0. (32:47)
STARR and PraTzMAN (1948) have used the relations above to derive some
general relations concerning the flow of energy in a periodic wave. We recall

that the average flux of energy in the direction of wave motion is given by [cf.
Sect. 8 and Egs. (15.23) and (15.27)]

A )
Foy=[dx [ooqh(x, y) dy = 2T 1y - (32.48)
0 —h

It follows from the second formula in (32.44) that

2T ey = 3Ty — 2oy +E0( — ) h. (32.49)
Hence, with &, =9;v+ ¥av, We obtain from (32.48)
' % Tav—Yav+ ba(d— ) b
[ORE R e 6259

This should be compared with the result derived in Sect. 15 for infinitesimal
waves with neglect of surface tension [cf. (15.25) and (15.26)], namely, Foy = 5 6av.
Eq. (32.50) is consistent with this, for to the order of approximation involved,
Twy=Vayand ¢} = c2. However, for waves of finite height it was shown in Sect.27a
[cf. Eqs. (27.42), (27.43)] that to the second order of approximation J,v>%5,.
PLAaTZMAN (1947) has verified that this remains true when 4th-order terms are
kept.

Several of the above results have analogues for steady motion of nonperiodic

waves, provided that %(x)—0 as x—>-+ oo in such a way that [#dx is finite.
—o0

Under such circumstances ¢2 =¢2? and the following results may be established
[the notation is that of (15.31) with obvious extensions]:

00
%otal = Cf'l] ax = c"wtotalx
—00

. 32.
e7.a'¢tota1 — '7_ytotal = ’V{otal: (3 51)
Ztotal — « ytotal + 2/V;otal + (g h— 62) thotal =0.

For details of the proof one may refer to STARR (1947b). From the last two equa-
tions follows

szgh +3/Vtzotal/&(total>gh' (3252)

We note that the second equation of (32.51) is a special case of a more general
one applying to any steady motion:

T, (%) — T4 (x) — ¥ (x) = const (32.53)

where the constant is zero under the conditions of (32.51). The proof is analogous
to that of (8.6). Here
(%)
T, (%) ={%gu2(x, y)dy, etc.
Handbuch der Physik, Bd. IX, 46
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B) Waves in heterogeneous fluids. The first two theorems proved below are
also true for homogeneous fluids and were first proved for this case. The last
theorems deal specifically with heterogeneous fluids. In the extended form they
are all due to DUBREIL-JACOTIN (1932).

A flow will be called barotropic if both the pressure and density are constant

along streamlines. We first derive the energy integral for such flows. The Egs. (2.6)
may be written in the following form in two dimensions:

19p _ OE _ ou _ 1 e _ 9E 2y
. o ox  ox vl at’ o 9y 9y tult ot ’ (32.54)
where
ov ou

1

E=gyt5 00+, (=% —%
Since p is assumed constant on a streamline, #p,4-vp,=0; it follows from (32.27)
and the definition of E that

OFE 1 0 1 D D
T a =8 T 0 =5 (32.55)

OF
U TV

In particular, if the flow is steady, E is also constant along a streamline. For
steady flow it is a consequence of the incompressibility condition that g is also
constant along a stream-line.

The following theorem was proved by BURNSIDE (1915) for a homogeneous
fluid. He gives two proofs, of which the second can be carried over to the present
more general situation with no change. It will perhaps give more substance to
the theorem if we remark that GERSTNER’S wave (see subsection 348), which is
not irrotational, satisfies the other conditions of the theorem.

Theorem. The only steady two-dimensional irrotational motion of a fluid
subject to gravity for which all streamlines are also lines of constant pressure is
a uniform flow.

Let the streamlines be given by w (¥, ¥) = const. Since, from the remark follow-
ing (32.55), E =const along a streamline, we may write

FWi+v)) +gy=Ey). (32.56)

[BURNSIDE shows that one may generalize (32.56) by replacing gy by a function
g(y).] Since the motion is irrotational, 49 =0 and hence also

Alog (y2+95) =0.
But then

Alog [E(y) —gy] =0,
which yields after some computation
2y E'(p)y,=2(E—gy) [E*— (E—gy) E"] +¢° (32:57)
We write this in the form
vy (%, 9) =G, y). (32.58)
It then follows from (32.56) and (32.58) that

YVir=E'— GGy, ,,=C,9,1+G,

or
E'(y)+ Gy (y, y) = 0.
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But then
y, = — vy E'(y) + const

and p is a function of y only. Hence, since Ay =vy,,=0, 9, is a constant and the
flow is uniform.

The next theorem was first proved by Levi-Civita (1925) for homogeneous
fluids. - FENCHEL (1931) showed that his hypotheses could be weakened and
DUBREIL- JACOTIN (1932) extended FENCHEL's proof to heterogeneous fluids.
The gist of the theorem is that if the surface profile moves without change of
form, then the whole velocity field is steady in a coordinate system moving
with the surface. The theorem will be formulated in the moving coordinate
system.

Theorem. Let a possibly heterogeneous fluid, bounded below by a horizontal

plane y =—h, be flowing irrotationally in the x-direction with discharge rate
Q (t) and with a fixed surface profile y =#(x). If n and u satisfy the conditions
—h<h<n<b,, u>e>0, (32.59)

then the velocity potential f(z) is independent of £.

First we derive a boundary condition at the free surface. From the-condition
of constant pressure and the assumption that the surface profile is an invariant
streamline it follows that

ap op _ _
%—8x v—gy——O ony;-—O.
It then follows asin (32.55) that
DE Dg? . .
5; =8v+ 5 =0 ony=0. (32.60)

However, this conclusion holds now only on this one streamline.

The complex potential f (z, ) = @ + iy maps the region of the z-plane occupied
by fluid onto the strip — Q (/) =<y=0, where the free surface corresponds to
=0, the bottom to y=—Q and x=--oco to p=o-co. Let F(z) =D +i¥ be
the mapping, unique up to an additive real constant, of the fluid region onto
the strip — 1= ¥ <0 with ¥ =4 co corresponding to @ ==4-occ. Then

1) =Q@) F(z) (32.61)

evidently satisfies the requirements for f(z, #) and, in fact, is determined uniquely,
up to the added constant in F, by Q(¢) and #(x). Now substitute ¢(x, y, t) =
Q) D(x, y) into (32.60):

which we may write in the form
Q'+ AQ+B=0 on ¥=0 (32.63)

where 4 and B are independent of ¢. Division by @2 4 @3 is possible since (32.59)
implies that this does not vanish. Note also that

) d

B =g@_ﬁ¢§ﬂ=qu> w0 =875 (32.64)

and that both 4 and B may be considered as functions of @. Consider two cases:

(a) A =const, (b) A==const. (a) In this case, since B is independent of ¢ and
46*
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Q'+ A @ is independent of @, it follows from (32.63) that both equal constants.
It now follows from (32.64) that, unless this constant is zero, the profile #{x)
will be unbounded and the first part of (32.59) will be contradicted. Hence, in
case (a) n =const and the mapping F must be of the form F=a4z+45, a and b
real. It then follows that 4 =0 and hence Q'=0, i.e. the flow is uniform. (b) Let
Ay, A, be two different values of 4, 4,==A,. Write Eq. (32.63) for each value
and subtract. This yields

0=— 5t (32.65)

But then @ is evidently independent of ¢. Hence also f(z, ) = QF(z) is also in-
dependent of £. This completes the proof.

The next theorem, due to DUBREIL- JACOTIN (1932), specifically requires that
the fluid be heterogeneous.

Theorem. Suppose the motion of an incompressible heterogeneous fluid to
be irrotational, the free surface to move without change of form, and that, in
a coordinate system moving with the surface, conditions (32.59) are satisfied.
Then not only is the velocity field steady, but also E, p and p are constant along
the streamlines.

It follows from the preceding theorem that the velocity is steady, hence that
E =E(x%, y). However, we may still conceivably have p =p(x, v, 1), o=0(x, ¥, §).
The Eqgs. (32.54) may now be written in the form

1 8p OF 1 op _OE (32.66)

T o ox  ox? e oy oy’
Elimination of first g, then p between these two equations yields

005 _,  2eB _,

o9 o(#, ¥)
We assume that the corresponding functional relations may be solved and write
p=p(E 1, o=¢e(E1), (32.67)
where, from (32.66) A
0
g=—45. (32.68)

From the equation expressing incompressibility, namely,

Do o0 ag 20
D =5y T +oo- By =0,
follows
99 o0 ( OE | PE\_ 8¢ | 9(Evy) 9o _
o ( T 8y) 5 T oy £ =0 (32.69)
We shall assume 0¢/0F #=0 everywhere, and may thus write
Oy _ _ elEd)
(v, y)  er(E 1) (32.70)

Since the left-hand side is independent of ¢, it follows from the form of the right-
hand side that we may set both sides equal to 2 (E), i.e

24 9
5 T R(E) 55 =0. , (32.71)
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Let us suppose k(E)==0, e.g. £(E,)+0. Then g must be a function of the form

E
0o=0 (t - f}%T) | (32.72)
E,

in some neighborhood of E,. If £(E) vanishes for some values of E, let E, be
the first zero larger than E;. Then from (32.71) and (32.72)

E

o(E. =0 (tm —kd—(EE)d)—>0 as E—E,. (32.73)
But (32.73) can hold for all £ only if ¢’=0, i.e. if p =const, which is contrary to
the assumed heterogeneity. Moreover, at least one such zero of % exists, for we
already know from (32.60) that E is constant along the free surface, so that in
steady motion the Jacobian in (32.70) vanishes for w =0. Hence k(E) =0 for
the corresponding value of E. We must conclude that 2(E)=0. This implies,
from (32.70) that E =E(yp) and ¢ =g (E). From (32.68) and the condition ,=0
on the free surface, it follows that also $ =4 (E). Hence p, ¢ and E are all con-
stant on streamlines.

The last in this complex of theorems is also due to DUBREIL- JACOTIN (1932).

Theorem. There cannot exist irrotational waves in a heterogeneous fluid such
that the profile is propagated without change of form.

This follows immediately from the first and last theorems proved above,
and is, of course, subject to condition (32.59). This striking result is all the more
so in view of the fact that GERSTNER’S wave (subsection 348) does provide a
steadily propagating wave, even in a heterogeneous fluid. The theorem also casts
some doubt upon the significance of the linearized theory of irrotational wave
motion in a heterogeneous fluid as developed, for example, in LAMB (1932,
§ 235). Such a wave evidently cannot be considered as a first approximation
to an exact steady solution.

y) Some transformations of the boundary-value problem. By means of intro-
duction of new variables or other devices, it is possible to formulate the boundary-
value problem for exact solutions in a variety of ways. Several such formulations
will be considered in subsection 34« on inverse methods. Here we give a few
which seem to be of general interest.

Inversion of f(2). One elementary but important transformation has already
been introduced in subsection 32« in the discussion of mass transport. This is
the inversion of the velocity potential f(z) when [f’| vanishes nowhere within
the fluid, and treatment of f as the independent variable. This has the advantage
that under certain circumstances the domain of definition of the independent
variable can be given exactly; when z is the independent variable, the domain
of definition is one of the unknowns of the problem. For example, if the motion
is reducible to a steady flow with discharge rate Q, one may take the surface
profile to correspond to ¢ =0 and the bottom streamline to correspond to y =—
Hence the domain of definition of 2(f) is the strip 0=y = — Q; if the fluid is in-
finitely deep, the domain is the half-plane »=<0. Whenever / can be taken as
the independent variable, then one can also express w =/ as a function of f.
It has been established independently by GERBER (1951) and LEwy (1952a)
that the equation describing the free surface, z=2z(p), is an analytic function
of ¢ at all points for which w==0.
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STokES’ “secondmethod”. In the introduction to Sect. 27 it was mentioned
that STokEs (1880), in a supplement to an earlier paper in his collected works,
developed a method for approximating exact periodic waves which is different
from the straightforward generalization of infinitesimal-wave theory expounded
in that section. This method is based upon use of f as the independent variable
and expansion of z as a Fourier series in f:

cz={ —l—iw;i Z a, e~tnanilcl (32.74)
#=0
or
cz—f—kiﬁia —|—ﬁi§a sinn 27 (f 44 Q) (32.75)
- 2 0" 2m =" ch '

for infinite and finite depth respectively; the @, may be taken to be real. Hereyp
is taken as in the preceding paragraph. The coefficients a, are to be determined
from the condition that the pressure be constant on the surface, i.e. from

¢ +2¢y=C for yp=0. ’ (32.76)

If the mean water level is taken at y =0 and the fluid is infinitely deep, then
C = ¢?; we shall consider only this case here. Then Eq. (32.76) may be expressed as

(2 —2g) P =1. (32.77)
Substitution of (32.74) in (32.77) yields

o0 .
(1 — glz >' a,, cos 2m“}p)x
et = ch
o0 o0 (3278)
2ane 2@\
X(1+2;1nancos — —l—nmz=lnmanamcos(n—m) = )—1.

After multiplying the two factors and reducing the cosine products to cosines
of sums and differences, the resulting expression may be put into the form

S (2 b, 40, cos 2772 — g 2.7
g()(ncz n+ n)COS cA — Y (3 . 9)
where the ,’s and ¢,’s are forms of the third degree in the a,’s. The coefficients
of the individual cosine terms must then be equated to zero. This results in an
infinite sequence of equations, each involving all the a,’s and gA/m¢?. In order to
proceed further, one must devise some method for approximate determination
of the a,’s. STOKES’ procedure was to assume that each a, could be expanded
in a power series in some parameter, the initial term in the series having the power
#. This allows one to carry through a step-by-step improvement in the approxima-
tion of the 4,’s by including successively higher powers of the parameter. We shall
not pursue the matter further, but remark that the most systematic arrangement
of such computations seems to have been devised by SRETENSKII (1952).

Levi-Crvita’s differential-difference equation. The following theorem,
due to LevI-Civita (1907), reduces determination of w(f) for steady flow over
a horizontal bottom to solution of a differential-difference equation.
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Theorem. The complex velocity w=wu—¢v of an irrotational gravity flow
with constant discharge rate Q and with %= ¢>0 must satisfy the differential-
difference equation

S wHiQui—i Ql—ie|grtior — wreior) =0 6280

Conversely, any function w(f) satisfying (32.80) which is regular in the strip
—20Q=Im {0, finite at oo, real on Im f=— @ and has #>e&>0 represents
such a flow. :

In order to derive (32.80), we note first that the functions w (f) and z(f) +7%

both have vanishing real parts for 9y =— @ and consequently can be extended
by reflection to the strip —Q zp=—20:

w(f—2iQ) =w(f), 2(f—20Q)+ih=2()—ih. (32.81)

The free-surface condition may be expressed by the equation

/- 2
or, by making use of the extended definitions of w and 2, by
0 , . .
S W@ wlp—20Q) —iglzlg) —2(p —27Q)]} =o0. (32.83)

Consider the function
Hf)=w{{+iQw(f -4 Q) —ig[z(f +4Q) —z(/—3Q)].  (32.84)

Evidently, H is defined and is regular on the line y=—14@ and thus in some
neighborhood of this line. From (32.83) it follows that H’(p —7 Q) =0, hence
that H'(f)=0 in its region of definition. Eq. (32.80) follows from the fact that
Z({f+10Q)=1/w(f+7Q). For proof of the converse we refer to LEVI-CIVITA’S
paper. LevI-CiviTa also gives a special form of (32.80) appropriate to a space-
periodic flow. CisoTTI (1919) generalized the preceding theorem to include a
variable discharge rate. The Eq. (32.80) may be considered to contain the
Eq. (22.30), when in that equation f(z, #) =f(2 —c#), in the sense that lineariza-
tion of (32.80) by assuming
w=c(1 +ew + )
yields (22.30).

Rupzkr’'s transformation. The following transformation was apparently
first introduced by Rubpzk1 (1898). It has later been used by many others in
the investigation of exact water waves. The validity of the reformulated boundary
condition is not limited to periodic waves. However, it is assumed that a coordinate
system has been selected with respect to which the flow is steady. It is again
assumed that > ¢>0. Let ¥ be the angle between the velocity vector w =u +¢v
and the positive x-axis. Then one may write

w=u—iv=qge ?=cet® (32.85)
where
w=>9%+ir, g=ce’. (32.86)

Here ¢ is some typical velocity, say the wave velocity as defined in Sect. 7. We
consider w as a function of f and let =0 correspond to the free surface. The
free-surface condition may then be expressed by

0 d
g?%—l—qg('%—:O for y =0. - (32.87)
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But [see (32.10)]
oy 1 d¢ 1

T
and, from (32.86),
00 _ on o
dp et g %9 o’
Hence (32.87) becomes
% =— g——- sing = — -—%—e““sinﬂ for » =0, (32.88)
or, since 01/0¢@ =— 84/0y from the Cauchy-Riemann equations,
o9 g _ .
Ty = o C 87 sm@ for p =0. (32.89)

m It one can find a function o (f) regular in the strip 0= w=—Q, with |#|<im— ¢/,
and with its real and imaginary parts satisfying (32.88) or (32.89) on ¢ =0, one

v p » may then construct from it

-;’/l FA joh Fo a free-surface flow with

7 ik gravity. Of course, further
conditions must be imposed
b p at = or as y—> — oo,
7 ¢ NEkrAsov’'s transfor-
mation. The following
transformation is due to
Y NEkrasov (1921, 1951). It
Fig. 50, will be assumed that the sur-

face is periodic with period

A, symmetric about a crest and that the fluid is infinitely deep and
lim w==c. Let the origin in the z-plane be taken at a crest, ¢ =0 be the free

P> — 00

surface, and assume #>¢>0. In addition to the z- and f-planes, we introduce a
{-plane, .
{=&+in=qe", (32.90)
related to the f-plane through
2ni
f=e Ac !, (32.91)

With a cut along the negative &-axis there is a one-to-one correspondence between
the various domains C A0 BD shown in Fig. 50.
The relation between the z- and {-planes will be determined by
dr AR

BT ami RO =14 a, i+ a4 -+, a,real,  (32.92)

= LT \ (32.93)

The form of & shown in {32.92) follows from the assumed properties of the motion.
Since g =1 on the free surface, the condition of constant pressure may be expressed
by

dy dq?

zg_a_y__—ﬁaa-l—:o for g=1. (32.94)
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But
Gy| o dr at| o —A R . _ - in
07 le Im_d—(f dylg=1  2mi ¢ v o=1 2@ Im ). (32.95)
It then follows from (32.93) and (32.95) that
d 1

Ay (e ne=i) noz Tm A(e). (32:96)
In this formulation of the problem one seeks a function 4 (), regular in the disc
|£] <1, real on the real axis, £(0) =1, and satisfying (32.96). From such a func-
tion one can easily construct a periodic gravity flow with free surface.

NEKRASOV’S integral equation. NEKRASOV also considers the function o
of (32.92), but as a function of £. Let us start from (32.88) and compute

0T _ 0T 89 _ & gsrgpng. TRl B ang
by — g By~ 5° sing - ——=_""5e sing for p=1. (32.97)
One may formally integrate this equation and obtain
3 g4
= *52 [1 —|~,ufsmﬂ(oc aloc} (32.98)

where 1/u is the integration constant; u is related to the velocity at the crest,
go=7(1) =c/h(1), b

p=m >0 (32.99)
Substitution of (32.98) into (32.99) yields the following equation for the relation
between 7 and 9 on the boundary:

dr(y) 1 pusind(y)
ay 3

5 (32.100)
1+Mfsinz9(oc) do

[it follows from (32.98) that the denominator does not vanish]. It is known from
the theory of functions of a complex variable (see, e.g., CARATHEODORY, Funk-
tionentheorie, Bd. 1, §147—149, Birkhduser, Basel, 1950) that, if a function
is regular within and on a closed Jordan curve, it is determined up to an additive
constant by giving either its real or imaginary part on the boundary. In par-
ticular, in the case at hand we may express the value of & on the boundary
|¢] =1 in terms of 7 on the boundary:
2n

9 () =const—ﬁPVf'c(ﬂ) cot +(y — f) @p, (32.101)

where the constant =¢9|,_=0. An integration by parts gives

27
1 dt .1
ﬁ(y):—;fﬂz—log sin+ (y—ﬂ)ldﬂ. (32.102)
0
From the assumed symmetry about a crest follows 7/(—pf) =—1'(8), so that
(32.102) may be expressed as follows:
2n
1 d sin +
) =5 d; log 5;1;2 v,__,ﬂ ‘dﬂ (32.103)
0
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Substitution of (32.100) into (32.103) yields NEKRAsOV’s nonlinear integral equa-
tion for ¢(y):

2

1 in$
o=ty [ g
0

I3
14 p [ sin®(a) do
6

sin §(y+B)
] |d/3. (32.104)

If one can find ¥ satisfying (32.104), one can then reconstruct w({) and hence
the whole flow.

NEXRASOV (1928, 1951) carried through a similar analysis when the depth is
finite. We shall only sketch it. In Fig. 50 suppose that y =—4A, represents the
bottom (%, is not the mean depth) and y = — Q the corresponding streamline.
In the {-plane this maps into a circle of radius gy<<1, where

_220

Q=¢ * . (32.105)
In (32.92) A () becomes a Laurent series. The integral equation for & (y) remains
the same in form as (32.104), but the kernel function log |...| is now replaced by
> 72{ tanh 2:5’) sinny sinu 8. (32.106)

#=1

MoOISEEV (1957b) has further generalized NEKRASOV’S equation so as to allow a
wavy bottom. g
The solution #(y) of (32.104) will, of course, depend upon the parameter u,
except for the trivial solution == 0 corresponding to a uniform flow. It is possible
_ to show that not all y’s are allowable, Let

M= max | #(y)|. (32.107)
It then follows from (32.102) that
27
0= [90)| <o 1_";;’18%-]—‘4- —log sin_;..(y_ﬁ)|dﬁ <%% (32.108)
hence that '
0=M< 1_—’;5:35%17 . (32.109)
From this follows
e nsinM—i—%M'lsinM = 1—|~33n : (32.110)

VILLAT'S integral equation. Even though we shall not consider its con-
tents in any detail, it would be improper not to mention an important paper of
VILLAT (1915). VILLAT wished to find the steady motion of a fluid in a canal
of given bottom profile and also with a given top profile over the part of the fluid
upstream of some point. Downstream of this point the top profile is one -of con-
stant pressure. The boundary condition on the free surface, (32.89), is modified
by introduction of new variables, and a pair of integral equations, one of them
nonlinear, is derived. The method is also applicable if the upstream “cover”
is absent and, in fact, becomes a little simpler. The chief use made of the procedure
by VILLAT is as an inverse method in which the free surface is given and the cor-
responding bottom and cover determined.
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33. Waves of maximum amplitude. In the higher-order theory of infinitesimal
waves one of the important effects of including higher-order terms was to make
the profile more peaked at the crests and flatter in the troughs. The effect was
the same for either steady progressive waves or standing waves. Since the peaked-
ness increased with increase of the amplitude-to-wavelength ratio, it seems reason-
able to conjecture that there is some bound to this ratio and that, if a wave of
maximum amplitude-to-length ratio exists, it will be characterized by a corner
or a cusp at the crest, at least if capillarity is neglected. It has never been proved
that such waves exist. However, if one assumes their existence, it is possible to
prove some necessary properties. This will be done below.

Following an earlier erroneous investigation of RANKINE (1865), STOKES
(1880, p. 225) showed that, if a corner occurs in steady motion, the angle included
between the tangents must be 120°. MICHELL (1893) assumed that a periodic
highest progressive wave exists and showed how to compute the coefficients
of an associated series, but without proving convergence. HAVELOCK (1919)
made MicHELL'S procedure the basis of a general method of approximation to
periodic progressive waves, again with no proof of convergence. MICHELL'S
wave was later investigated by a different procedure by NEKRASOV (1920).
However, NEKrRAsOV did not carry his computations to' the same degree of
accuracy as MicHELL and HAVELOCK, so that the numerical results are discrepant.
More recently YAMADA (1957) rediscovered NEKRrAsov’s method and carried
through the calculations with the necessary accuracy; the results are now in
substantial agreement with those of HAVELOCK and MICHELL.

PENNEY and PRrICE (1952D), in their work on standing waves of finite ampli-
tude, include an analysis intended to show that, if there exists a standing wave
of maximum amplitude with a corner at the crest, then the angle must be 90°.
G.I. TAYLOR (1953) has questioned the validity of the proof, and it appears,
in fact, to be untenable. On the other hand, in the same paper TAYLOR reports
the results of experiments which appear to confirm PENNY and PRICE’S predic-
tion. In view of the present unsatisfactory state of the theory, it will not be
further discussed here.

STOKES’ theorem. We prove first STOKES’ theorem on the angle at a corner
in steady flow. Let the corner be at the origin z =0, the free surface be the stream-
line y =0, and ¢ =0 at the corner. Since z=0 is assumed to be a corner, it must
also be a stagnation point and the constant-pressure condition on the surface
may be taken in the form

g +2gn(x) =0. (33.1)

In the mapping from the z- to the f-plane the point z =0 must be a branch point,
so that in the neighborhood of z =0 the complex velocity potential will take the
form

f=Aam, 33.2)

If «, <0 is the angle between the right-hand tangent to the corner and 0X,
then near z=0 Eq. (33.1) can be written

[A|2n2r2?=2 4 2grsina,=0.

This can hold for all small 7 only if

n=%. (333)
It also follows that, if «_ is the angle between the left-hand tangent and OX,
then sin «_=sin ¢, and a.=— 180°—«, so that the surface is symmetrical about
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OX near the corner. If =<0 corresponds to the region occupied by fluid and if
the branch of z=re'* with —§w<a<im is taken, then the complex velocity
potential has the following form near z=0:

1&) =—§)e(—ia)t }

—— 3Y/g 7t [cos (o~ $n) + i sin § (a— 3)].

(33.4)

The streamline =0 has a corner at z =0 with included angle 120°. In this case
the flow is to the right. The inversion of (33.4) gives

3B e ‘
2(f) = [2]/?} e 'l fi (33.5)
for f near 0. '
o) Periodic wave of maximum height. Let us suppose that a periodic progressive

wave of maximum amplitude-length ratio exists. We may take this as a steady
flow with complex velocity potential /(z) = ¢ +4y and with

Jm fe) =c. (33.6)

Let the origin of the z-plane be at one of the crests, the surface profile correspond
to 9 =0, and the origin of the f-plane to that of the z-plane. Then the free surface
condition may be taken in the form (33.1).

MicHeLL’s method. First we give MICHELL’S procedure for finding f'(z).
As we have done earlier, we shall write

’ -1 ’ 1 4

f@) =ge, () = (33.7)
From the assumed periodicity and symmetry, ¢ is an odd periodic function of ¢
with period ¢4 for  =0. From (33.7) follows

9 1002 = — 2 logqti 2P

a7 087 () =— 5 logg+iZ. (33.8)
For y=0, 09/0¢ is an even periodic function of ¢ with removable singularities
at the crests; we expand it in a Fourier series:

o _ =
op ~ cA

The a;, are real. Substitute (33.9) into (33.8) and rewrite it in the following way:

[a0+ @ cos-zz"—}fZz -}-azcosc—l—l-'--}- (33.9)

_ 0 T - . 2NTTP
m—%logq—ﬁglansm Y (33.10)

a A TN ——iznn)‘/cAJ
dflogz(f) z”,;,ane
Now consider the function

Z(f) =5 log () —i 2

y=0

a, e=itnniloh, (33.11)

B3
ipve

Z (f) is defined in the whole lower half-plane, is regular for <0, and, as y—>— oo,
Z (f)—>—1imayfcA. Moreover, from (33.10) Z is also real on the real axis and hence
may be extended by reflection to the upper half-plane. Z is then a function with
only singularities on the real axis at the points ¢ =#c A associated with the crests.
The form of the singularity may be determined from (33.5). In fact, near f=0

1 1
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