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so that (28.1) is linearized to
UZ v 2 hZ
(1= ) et e (50 4 8 o, (293
r=ghx,z). (29.4)

(U+@) b
h

In agreement with the previous discussion, (29.3) corresponds to the linearized
gas dynamics equation only if the bottom is flat and horizontal, i.e. if 4 is constant.

The second method of linearization corresponds to the classical tidal-wave
theory, or long-wave theory [see, e.g., LAMB (1932, p. 254) or Egs. (10.36)] and
can be obtained by writing

w(x, z,t) =D,<1, w(x, z,8) =D0,<1, (29.5)
n(x, 2, t) < h(x, 2), (29.6)
so that (28.1) is linearized to
Ty By :
(¢xx + @zz) + (7 Qx + n q)z) = ?1}7 @tt' (297)

Again, as before, (29.7) corresponds to the linearized gas dynamic case, or the
simple acbustic wave-propagation equation, only if the bottom is flat and hori-
zontal. In this case the general solution of (29.7) for one-dimensional flow is
the well known d’Alembert solution of the simple wave equation,

O(x, ) =F(x —ct) +f(x +ct) ¢ =1}gh=—const, (29.8)

which is used to study long-wave-length oscillations in canals when the water
is either at rest or moving with a velocity U<¢. The limitation to small per-
turbations and constant /% for one-dimensional flow allows (28.1) to be linearized
to
@xt:Mtz — 8N
11 (29.9)
Naw = 5 Mt = "2 o>

various applications of this, including the canal theory of tides, are given in
LamB (1932, pp. 254—273) and DEFANT (1957).

For the case of a canal having a non-rectangular but constant cross-section,
we may generalize (29.9) by defining the mean depth 4 as the undisturbed cross-
sectional area S divided by the width & of the canal at the undisturbed free water
surface [see LaMB (1932), p. 256]. When the canal has a variable depth A(x)
and the disturbance may be considered one-dimensional, then (29.7) may be
written in terms of the varying cross-sectional area S{x) for constant width &

" as follows

1 1 1
" D, = 5 (b D), =~ (SD),, S =0>bh(x), b=const. (29.10)
Then from (29.9) we obtain

1 1

< (572, =2n e (29.11)
which is the same as the expression derived by GREEN (1838) for a canal that is
varying in both width b and depth % so that

S(x) =h(%) b(x).
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670 Joun V. WeEHAUSEN and EDMUND V. LaiToNE: Surface Waves. Sect. 29.

However, the exact linearized first order approximation is (29.7), and the form
of this equation indicates that large values of 0’(x) would invalidate the one-
dimensional assumption, especially if 4, is relatively large. This is also indicated
by LAMB (1932, p. 274). However, (29.7) provides the rigorous proof that (29.10)
is applicable to one-dimensional, long-wavelength, small-amplitude disturbances
in a canal of rectangular cross-section having a constant width and'a varying
depth.

If we now limit our analysis to long wave lengths having a simple harmonic
oscillation of frequency of2z, so that we may write

n(x, t) =n(x)sin(ot+1), Dt =¢(x)cos(ot+ 1),
Egs. (29.10) and (29.11) reduce to

2
TSRt =0, S (Snlt F=0. (2912)

If we solve these equations in order to determine the harmonic oscillations in
long canals with various special choices of varying cross-section, boundary con-
ditions at the ends of the canal or finiteness conditions may further limit the
allowable values of the frequency to a sequence of eigenvalues or fundamental
frequencies, a;, 05, ... . Associated with each o; there is an »; and @;. The general
solution of the Eqs. (20.12) is then a superposition of these characteristic solu-
tions,

n(x, t) =D Ay, (%) sin (0,1 +7,), P, 1) =2 A4, 9,(x)cos (0, +7,),
where A, and 7, are arbitrary. Emphasis, however, is usually upon finding the
fundamental mode 0y, 1o and the first few higher modes. We consider two special
problems in order to illustrate the procedure Other more complex situations
are analyzed in LAMB (1932, p. 275ff.) or in DEFANT (1957).

Let the canal be of rectangular cross-section with s =5y, b =fx. We shall
suppose it to be bounded at the ends by vertical walls at x =x,>0, ¥ =x,>x,.
The Eq. (29.12) for ¢ now becomes

o2

Ges 5 Out g =
BESSEL’s equation of order zero. The general solution is of the form
¢ Joloxjc) +D Yy(o xfe), c2=gh.
The boundary conditions at the ends, ¢’(x,) =¢’(x) =0, can be satisfied only if
Ji(o 2/e) Y1 (0 %5c) — Jy (0 %fc) Yy (o 1) = 0.

This equation determines the eigenvalues oy, oy, .... The various modes of .
motion are then of the form

B, = 4, [Yi (o, %/¢) Jo(ow /) — J1(0y 23f0) Yo (0, 5]6) J 008 (0% + 7).

n=1,2,....

} (29.13)

If x, =0, the solution Y, must be excluded because of its singularity at the origin
and the elgenvalues are determmed sumply from ], (o, %,/c) =0, n =1, 2,

A solvable case in which 4 is variable is the canal of rectangular cross- sectlon
with =25, and

W) =ho(t = 75).
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Sect. 29. The iinearized shallow-water theory. 671
Eq. (20.12) now becomes

22 x a?
the equation for the spherical harmonics B, (x/L), @, (x/L) with (6 L)*/ghy=v (v +1).
The condition that the solution should be finite on [#| = L requires one to discard

Q, and further restricts ¥ to integers, thus determining the fundamental fre-
quencies:

W
02 = ngo nn +1).

The fundamental solutions are then formed with Legendre polynomials:
D, =4,P,(x/L) cos (0, t + 7,). (29.15)

Motions of the type considered above may be identified with the long period
oscillations called seiches which occur in certain lakes or canals throughout
the world. Many applications are presented by CHRYSTAL (1905, 1906) and the
periods observed in several lochs and lakes seem to correspond to those calculated
by the linear shallow-water theory. The linear shallow-water equation (29.7)
should be very suitable for the study of seiches because of their long period and
relatively small amplitude. Usually the complete Eq. (29.7) must be solved numer-
ically by the method of finite differences because the contour of the body of
water is quite irregular and the depth variation is important.

When the motion cannot be considered one-dimensional, one must use the
complete two-dimensional equations (29.7). If the motion is harmonic with
frequency o2, so that

n(x, 2,8y =nx 2)sin{ot+1), P 21 =¢x 2 cos(oct+1),

then the right-hand side of (29.7) is replaced by — (o%/g#)®. However, just as
in the one-dimensional case, the allowable values of ¢ may be restricted by the
boundary conditions or finiteness conditions to a sequence of eigenvalues oy,
0y, ... With associated functions 7,7, ..., @y, @y, .... The general solution is
again a superposition. We illustrate with several typical examples, but refer
again to LaMB (1932, p. 282ff.) or DEFANT (1957) for a more comprehensive
treatment.

Consider first a rectangular basin of constant depth % bounded by x=0,
¥ =1x,, =0, z=2,. Then (29.7) becomes ‘

o2
@xx+¢zz+_g7®=0
and the boundary conditions are
D(0,2,t) =D, (x5, 2,8) =D,(x,0,8) =D,(x, %, ) =0.

It is easy to verify that the fundamental solutions are

I cos %:{ €08 (Gt + Tpun) (29.16)

1] 0

D, =A4,,cos

where the eigenvalues ¢,,, are given by
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672 Joun V. WernAUSEN and EDMUND V. LaIToNE: Surface Waves. Sect. 29.

The result should be compared with (23.14) which reduces to this when my4 is
small enough so that tanh m hsz mgh.

As another example consider a basin of circular planform of radius ¢ and
depth 4. In polar coordinates, x=r cos ¥, y =7 sin#, Eq. (29.7) becomes

L N
and @ must satisfy @, (a, @, ) =0. The fundamental solutions are easily found by
separation of variables to be
D= Apn JoOmn7fc) cos (nd -+ 6,,) €OS (Oppt + Tha), E=gh, (20.17)
where the fundamental frequencies o,,, are the roots of
J(Opnajc) =0, m=1,2,....

The solution (23.15) again reduces to this if tanh myA= m,h.

If the planform is ring-shaped with the rings having radii # and b<Ca, then
one needs also the solution Y, in order to satisfy the boundary condition on
r=>5. (The singularity of Y, at the origin obviously causes no difficulty, for it
is not in the fluid). The fundamental solutions now become

D= A | V5 (%57 8) 1 (%20 7) = T (28] %
X cos (nd + d,,,) c0S (O b + Tupn),

" )} X (20.18)

where the fundamental frequencies o,,, are determined from the equation
1[0aN<, (0D 1 [0b\ i[OG
VBT =R )R =0 (2049)

As before, the solution (23.16) reduces to this one for small m,A.

As a final example of two-dimensional seiches we consider the long-period
simple harmonic oscillation in a shallow circular basin with depth variation
depending only on #. Then, in polar coordinates (29.7) becomes

O+ Lo+ toprlrar L oo (29.20)
ry v (4 72 X4 % r gh M .
If the depth variation is parabolic,
y2
h(r) = ho(1 = 25).
LamMB (1932, p.291) has shown that the fundamental solutions are given by
@mnzAmn(%)mcos (mP -+ 0,,,) F (oc, /3,;};%) €OS (Gpnt + Tomn)» (20.21)

where F is the hypergeometric series

Flonrit) =1+ 2L+ )
and

a=m++n, p=1—n, y=m-1.
The fundamental frequencies o,,, are determined from

02,y a2

¢ e =2m (2n —1) +4n(n—1).
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Sect. 29. The linearized shallow-water theory. 673

Both m and #» must be integers in the above formulas. They simplify in an
obvious fashion for the symmetric mode # =0.

It has been pointed out above in connection with several of the examples
that the results obtained by analyzing the problem by means of the infinitesimal-
wave approximation reduce to those obtained by the linearjzed shallow-water
approximation if mh=~2m 4/A is small enough so that tanh mhs=mhk. One
should note that this holds also for the velocity of propagation of a periodic wave:

c= g—}“—tanh%ﬁzyﬁp — %(%&)2+ J =Vﬁ[1 +0 (%)ZJ (29.22)

2n

The remainder O(k/A)? confirms the appropriateness of the term ‘“‘long-wave
approximation” sometimes applied to the shallow-water theory.

This exact agreement of the linearized results in the limiting case is encourag-
ing justification for both the shallow-water approximation and the infinitesimal-
wave approximation since they originate not only from different physical con-
siderations, but also by entirely different types of mathematical approximation,
as discussed in Sect. 10. The shallow-water approximation leads to hyperbolic
type nonlinear equations, while the infinitesimal-wave approximation deals with
linear elliptic equations. STOKER (1947, p.32) gives a detailed comparison of
the two linearized approximations for the case of wave motion over a flat
bottom at a 6° slope.

o) Linearized shallow-water theory applied to two-dimensional steady flow. The
first method of linearizing the shallow-water theory, as given by (29.3), is applic-
able to the determination of the variation in water depth for the steady flow in
a shallow open channel or river. However, in practically all cases (29.3) must
be solved numerically, so that it does not entail a prohibitive amount of extra
labor to solve directly the more exact original nonlinear first-order equations (28.1)
using the methods discussed in the next section (30) on nonlinear first-order theory.
As a matter of fact, for supercritical flow, defined by U>}g#, the method of
characteristics is very easy to use in the numerical solution for a nearly horizontal
open channel having a flat bottom and varying width, as shown in Sect. 30.
The subcritical case, having a flow velocity everywhere less than |/gh, can be
satisfactorily approximated by the one-dimensional hydraulic theory which as-
sumes that the velocity at each cross-section S(x) is independent of y and z.
This method would yield, of course, a constant depth over a given cross-section
and would therefore not be satisfactory for predicting the rise in water level
about an island, or a jetty, or a pile in a swiftly moving relatively wide stream.
For this particular application the linearized form of (29.3) is very useful, especially
for subcritical flow, i.e. for U%/gh<1.

We now consider the application of (29.3) to the problem of determining the
water depth variation about a two-dimensional cylinder that is perpendicular
to-the bottom and has a narrow cross-section parallel to the flow as shown in
Fig. 37. If the bottom is approximately flat and horizontal everywhere near
the vertical cylinder, then we may consider %4 as constant and,:providing that
U2lgh <1, write (29.3) as

2 0%
/32¢xx+%z=0 or %x—f"{_b‘(ﬁ%izo’
(29.23)

U
,5’2:1——F2=1—ﬁ=00nst>0.
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674 Joun V. WEHAUSEN and EpMUND V. LarronNe: Surface Waves. Sect. 29.

The fundamental solution of (29.23), in view of (29.1), for two-dimensional pro-
files which may be considered symmetrical about the z-axis as shown in Fig. 37, is

L
92 =+ 5 [ 1O W= EF + Faras,

L
= —_ 1 (=818 aé
u=Ute=U+ o | g gar (29.24)
0

_ P 1(8) 4
== 2n0f " —EFt (a2

z l
z
Zy(%) l
z — e T T T T T o
- A R
II ~2,(Z z |L i Wirror image” |
|
I Vertical wall bourdery
¥ z=
=12y, %,
-___/”_Lﬂfﬂ' / y'ﬂfﬂ,zj
y==h z z=0 | Z=2p(&
7770077, 7 z
Flat borizontal bottom Z=L

Fig. 37. Shallow-water flow about a two-dimensional symmetrical cylinder perpendicular to the flat horizontal bottom.

The boundary condition for the two-dimensional shape (see Fig. 37) is

where the same linearization procedure has been applied to the boundary condition
as was used in deriving (29.3). Therefore (29.24) may also be similarly linearized

by writing
* o5
dzy B Bz, ! -
U}‘;‘_(pﬂ(x’zo)_m 1+(x é') .
0 Bz
Hence if we let (xﬂ—; 9 =9, then for z,= 0,
0
dn B [ iG—fapds 1
By X — 32
U= ) 1xp — 2P0+ 0&).
L—x
Therefore pa U
1O =55 +0@), (29.26)
so that the linearized form of (29.24) is
L
u(r,8) _ 1 [ (7—=8z)ds @
g _1+nﬁ R E 027
29.27

3/3 P
f(x—5)2+(ﬁ TU
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Sect. 29. The lipearized shallow-water theory. 675

On the actual surface of the two-dimensional profile (29.27) may be further
linearized to
L

wix, 2) 1 Zo E)df —1 (/Z§
w (%, 2,) zz(/)(x) .
On the other hand, for large values of ¥ we may write
L L

“led) oy +;31,,7[<x—e>za<e>ds, “E ~ szo«s)de (2929

The change # (x, z) in the original constant water depth 4 can then be determined
by the linearized relations corresponding to (29.1) and (29.2) as

(%, 2) i Py P + @3 _u?

100 L o(1) =P 0 (BT, R=2n (2930)
where for any (x, z) we obtain ¢, and ¢, from (29.27). For example, on the surface
of the two-dimensional profile (z==z), (29.30) reduces to

L

n{x, z) Uz 1 79(&) A&

I LTS R
0

where ¢, and g, are both of O (z).

These relations are, of course, completely restricted to flows that are every-
where subcritical since (29.23) shows that the Froude number (F = U/}/gh) must
be everywhere less than unity to keep $>>0. The effect of increasing Froude
number is to increase ¢,, and therefore decrease #, since f decreases. It is seen
that this effect increases as z increases, the greatest effect being on ¢,~1/8%
in the limiting case of very large values of z as shown in (29.29). This relation,
or preferably (29.27), could be used to predict the additional change in # (¥, z)
due to a finite stream width by using the increment of @, from one mirror image
- to represent the first approximation to the channel boundary wall as indicated
in Fig.37. For slender cylinders in a narrow channel the ““one-dimensional”
approximation of Sect. 30y is generally used, this allows an approximation for
frictional head loss which becomes relatively more important as the channel
width decreases.

For supercritical flow (F =U/)gh>1), (29.23) must be written as

e Po
Bz(pxx_._(pnzo or —éxz——:—-———a(Bz)z ,
- (20.32)
B2=F?—{1=— —1=const>0.

gh

Now, however, (29.32) cannot provide a satisfactory approximation of the change
‘in water depth at some distance from the two-dimensional profile since its general
solution is

¢(%,2) =G(x—Bz) +g(x+ Bz), - (2933)
which predicts no change, éven upon approaching infinity, along the lines of

constant slope dz/dx = + 1/B = 4- [F* — 1]~4. Consequently the nonlinear method

43%
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676 Joun V. WEHAUSEN and EDMUND V, LA1ToNE: Surface Waves. Sect. 30.

of characteristics, which will be described in Sect. 30, must be used in predicting
the depth variation at any finite distance from the profile. Although the method
of characteristics will directly and easily give the velocity distribution or depth
variation on the profile ifself, we will also derive the variation on the profile
surface according to the linearized theory. The result will be of crucial importance
in evaluating the validity of the nonlinear first-order shallow-water theory
(28.1), since any great discrepancy between the linearized result and the nonlinear
results from (28.1) would indicate that the perturbations involved are sufficiently
large that the second-order shallow-water theory of Sect. 31 must be introduced.

The linearized solution of (29.32) for any sharp-nosed slender two-dimensional
profile, as in Fig. 37, is obtained from the general solution (29.33) and the follow-
ing linearized boundary condition:

’ Z » B 4 .
) =280 - B Gn—Ba); a=2>0.
Therefore G'(x — Bzy) =— Uz (%)/B, so that on the profile surface, z=2,(%),

%0 (%)

B } } (29.34)

w(x, 2) = Ut g, =U-+G(x — Bzg) = U[1—
w (%, 2) = Uz (%).

Then the variation in water depth on the profile surface is given by (29.30) as

1 %) e 2ol2) +0(z62)] (2935)

for flow that is everywhere supercritical, i.e. B2=F*—1>0.

It should be noted that (29.23) and (29.32) are identical to the linearized
potential equations for two-dimensional steady subsonic flow and supersonic
flow, respectively, if we simply replace the Froude number (F = U/|/gh) by the
Mach number (M = Ujc) [see (28.3)]. This is in complete accord with the state-
ment that the hydraulic analogy is valid for the flow over a flat horizontal bottom
(i.e., the flow is equivalent to the two-dimensional isentropic flow of a fictitous
perfect gas having a specific heat ratio y =2). Consequently, Eqgs. (20.24) through
(29.29) are identical to these for subsonic flow about slender two-dimensional
profiles in free air or in a wind tunnel of rectangular cross-section as derived by
LAITONE (19046). These equations confirm the known result that the linearized
equations are independent of the value of the specific heat ratio y. Similarly,
Eq. (29.34) is identical to the well-known linearized two-dimensional supersonic-
flow solution if we let F2—1= B*=M?*—1>0.

Although these linearized results are very satisfactory for slender sharp-
nosed profiles, they only apply for Froude numbers that are not too near unity,
that is they are not applicable to flows near the critical velocity U= Jgh=c,
equivalent to sonic flow. For these cases we must return to the nonlinear equa-
tion (28.1), as discussed in Sect. 30.

30. Nonlinear shallow-water theory. This section will primarily discuss methods
for obtaining solutions of the nonlinear equations (28.1) which provide the first-
order approximation of the shallow-water theory. The special cases to be con-
sidered are the one-dimensional unsteady flow and the two-dimensional steady
flow in open channels. This will provide a basis for discussing the one-dimensional
assumption of open-channel flow. Finally the hydraulic jumps, and their relation
to the first-order shallow-water theory, will be discussed.
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«) One-dimensional non-steady, first-order, shallow-water theory. By assuming
one-dimensional flow in the x direction only, the nonlinear equations (28.1)
reduce to

u‘l‘““ﬂ'}" +h,¥: h’:w
t gn+h),=¢ } (30.1)

(n+ne+[um+r]l,=h=0.

Again it should be noted that these are equivalent to the gas dynamic equations,
upon introducing (28.3), only if the bottom is flat and horizontal, i.e. ,=0.

Now, if we let
c2(x, ) =g[n(x &) + r{x)], }
200x=g(7l+h’)x: 200t=g(77+h)t;

and give the initial conditions as du/de and dc/de along a curve in the (x, £)-
plane defined by #(«), ¢(x), then we may write (30.1) as

wu, +u,+2cc, +0=gh,,
cu,+04+2uc, + 2¢,=0,

(30.2)

) xa%x+taut+0+0=%, (303)

dc

O—I-O'-—I-xacx—]—tactr-:%,

This set of four equations can be solved uniquely for u,, %,, c,, ¢; in terms of
u, ¢, b, and the initial conditions as long as the determinant of the coefficients
in (30.3) does not vanish. This condition is violated along the characteristic
curves #(x), £ (o) defined by

w 1 2¢ 0
¢ 0 2u 2
:O) (30‘4)
%, 8y O O
0 0 %y 1

which may be easily expanded by the minors of the bottom row to give
xogc —2u xoctot + (uz - C2) tozc = [xoc_ (% - C) trx] [xa_ (M + C) ta] = 0.

Therefore the characteristic curves, €, and C_, are defined by

R dx
Dk (7?)0*" u(x, 1) +c(x, ). (30.5)
Since h, is given, and appears only on the right-hand side of the first equation
in (30.3), therefore the characteristic curves as defined in (30.5) are identical to
those in the gas-dynamics case [see, e.g., COURANT and FRIEDRICHS (1948)].
However, the Riemann invariants, or quantities that can be constant along a
characteristic curve, now depend upon the bottom slope, as may be seen by
adding the two equations in (30.1) after introducing (30.2) so as to obtain

(4 20) -+ () (u+20),= |y + (04 0) 5 W3 ) + 26 (1. )] =gy (30.6)

These give the same Riemann invariants as in the isentropic one-dimensional
unsteady gas flow with a specific heat ratio y=2 only if #,=0 [see, e.g.,
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CouraNT and FRIEDRICHS (1948, p. 87)]. No simple Riemann invariant involving
only ».and ¢ is possible if 4, varies with x; however, if &, is constant, so that gh, =
m =const, then (30.6) may be written

0 o
[54—(%—&-0)87} [+ 2¢—mt]=0. (30.7)
Similarly, by subtracting the two equations in (30.1), we obtain
[ + (u —c) }[u—zc—mt]—o (30.8)

Consequently, the basic statements relating the characteristic curves and Riemann
invariants of Eq. (30.1) with gh,=m =const may be summarized as follows:

#+2c—mt=R(x, t) = const along a curve C,

defined by% =u-c;
(30.9)

u—2¢—mt= — S(x,¢) =const along a curve C_

defined byZ—}; =u—c.

Fig. 38 shows typical sets of curves in the (#, t}-plane. The above equations show
that in any given region in the (#, t)-plane there are three basic types of solutions,
namely:

(1) the constant steady state in which # and ¢ remain constant everywhere
in the region, so that all characteristics form straight lines;

(2) the general flow in which neither R nor S is constant in a finite region;

(3) the special case of a simple wave over a flat horizontal bottom (m =0)
wherein a constant steady-state region is separated from a varying region by
a straight characteristic line along which either R or S is constant.

The first type of solution obviously has R and S constant throughout the region
only if the bottom is flat and horizontal (m =0). The second type of solution
is complicated and can best be obtained by the method of finite differences
[see, e.g., STOKER (1957, pp. 293—300)]. The third type of solution will now
be discussed since it has considerable physical significance for many problems
concerning the propagation of a disturbance into water that is originally at
constant depth and constant velocity, and extends an unlimited distance for
x>0.

When a disturbance moves into still water at constant depth over a flat hori-
zontal bottom (m =0), then it is obvious that (dx/d?t),=c(o0) is the character-
istic, now a straight line, which must continually separate the steady-state
region from the disturbance region in the (x, ¢)-plane, as indicated inFig. 38.
This characteristic curve must be a straight line since there is a constant steady
state always ahead of it so that (dx/d¢), = const and therefore xy=c(oc) £. Also,
either R or S must be constant along the characteristic, and since R, corresponds
to CY or (dx/dt),=c(c0)>0, as in Fig. 38, therefore R,=2¢(oo) =const. This
type of simple wave, having (dw/dt)y=c(cc)>0 and R,=2c(oc) =const., is
called a forward-facing wave since the particle paths enter from the side with
greater values of #, as in Fig. 38. The value of R varies as one passes from one
to another C, characteristic inside the region of the disturbance since # and ¢
both vary due to the disturbance and none of the C, characteristic lines can ever

"Surface Waves Online" - Copyright 2002, Regents of the University of California. All Rights Re


Ronald W. Yeung
"Surface Waves Online" - Copyright 2002, Regents of the University of California.  All Rights Reserved
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intersect C%. However, every C_ characteristic intersects C%, as shown in Fig.38,
and since S remains constant on any given C_ characteristic curve, therefore S
is everywhere constant since every C. characteristic must have the same value
S(#, t) =R, =2c¢(o0) =const on C%.

¢

S=const everywhere
SeSy=20,=Ngh,

s

§ \é S=const, everywhere
L SN S-Jb«/ﬁy—z/a)
§=& < \ \

¢ z 0N\ ‘ ’
@—f/[;rcf 9ty = (=) gfl}&” -@mﬂ#},@p«/

Fig. 38. Simple forward-facing waves, S = const.

The same considerations are true even if the water of constant depth into
which the disturbance is being propagated is flowing with a constant velocity
u(o0)<c(o0). The only change is that now the following are constant:

(%) = () +e() >0, Ry=20(c0) + ()
on C% only, while on all C_,
2¢(x, t) —u(x,t) = S(¥, ¢) =2¢(00) — u(o0) = const.
Similarly all R in the disturbance region vary as
Rz, 8) =2¢c(x,t) +u(x,1),

as indicated in Fig. 38 for the simple forward-facing (C%) wave. As shown in
Fig. 39 a simple backward-facing (C?) occurs if R =const and S =2c¢—u. These
waves are called simple waves because all the characteristics of the family for
which the Riemann invariant takes on a different constant for each line form
straight lines. For example, referring to Fig. 38, the forward-facing waves
(dx/dt>0) have S(x,¢t) constant everywhere and R(x, ¢) varying so that the C,
characteristics form straight lines. On the other hand, in Fig. 39 the backward-
facing wave (dx/d¢<<0) has R(x, ) constant everywhere and S(x,¢) varying,
so that now only the C_ characteristics form straight lines. The characteristics
of one family only must form straight lines in a simple wave because only one
of the Riemann invariants (S or R) is constant in the entire region of the disturb-
ance. For example, in the case of the forward-facing simple wave in Fig. 38,
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we. have S constant in the region of the disturbance. Therefore from (30.9)
and Fig. 38 we may write,

— S == Sy =—S3=— S, =y — 26 = Uy — 20y = thy — 203 = W, — 20, = const,
Ry=Ry=1u; + 20 =ug -+ 2¢3=F Ry = Ry = wy + 2¢o = 1, + 2¢,.
¢ Bypansion waves ¢ Compression waves o -
R!RU‘L/
C‘l'/ :

Pig. 39, Simple backward-facing waves, R ==const.

Consequently, u; =u,, ¢, ==C3, Uy =1tt,, ¢y =¢,, and u=Fu,, ¢;3=c,, Ug== 11y, cg==¢,,
so that

(d—x)c_ =1y — ¢y 5 Uy — Cy== const,  (C_ curved),

dt
(%)Co =+ ¢; = Uy -+ ¢y =const,  (CY straight),
0
(%)ti)c =ty cg =1y +c,=const, (C, straight).
.

It is important to note that these simple waves can exist only over a flat hori-
zontal bottom, i.e. when m =0.

We have now shown how the method of characteristics for one-dimensional
unsteady flow has resulted in the concept of the simple wave which quickly
gives a numerical evaluation of the propagation of a one-dimensional disturbance
into water of constant depth moving at constant speed. The solution of this
problem in the (x, £)-plane can be obtained by direct application of (30.9). For
example, the usual case of a forward-facing wave having S everywhere constant,
and straight C, characteristic lines, as shown in Fig. 38, has the slope of the C,
straight lines determined directly by the time history of the disturbance at x =0,
and Egs. (30.2) and (30.9) which show that

(%)c+= u(0, ) +¢(0, £) = const =u (0, £) + J/g[k +5(0,#)].  (30.10)

Along any given C, straight line having this constant slope

R(x, t)c, =u(0,£) +2¢(0, #) = const =u(0,£) +2|/g[h +75(0,8)]. (30.11)
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Consequently, the values of # and ¢ are determined in the entire region shown
in Fig. 38 by the given values on the f-axis. The curved C_ characteristics need
not be calculated, since the desired numerical solution is independent of them.
Their existence, however, can lead to a simplification in the numerical calculation
of (30.10) since, in the case shown in Fig. 38, each curved C_ characteristic extends
from the C% characteristic to the f-axis, and on each and every C_ characteristic,
— S =u{00) —2¢(o0) =const. Therefore, at every point on the f-axis that can
be reached by a C_ characteristic we must have

S =2¢(0,4) — (0, £) = 2¢(o0) — w(o0) =2 |/gh — u(o0) = const. (30.12)

Of course the C_ characteristics can continue from C$ to the f-axis only if
(dx)dt)c.=u—c<0, or u<c, so that in this case (30.10) may be simplified to

(%)c =u(0, t) + ¢(0, ¢) = const
=%“(0»t>—%woo>—zc< )] =400, 1) — $u(os) +gh [ BOA3)

=3¢(0, £)+ [(00)—2¢(o0)]=3 g [h+n(0,§)] + u(o0) — 2 )gh.

Consequently, the problem is solved in the region so defined if either (0, ¢) or
¢(0, ) is alone given. The surface elevation is given by (30.2) as

o3 (o)
g

h+n(x 1) = fi;i h=
in every case of disturbance propagations into a constant water depth over a
flat horizontal bottom (m =0).

Many other physwal problems can be simulated by giving the data along a
prescribed curve in the (¥, #)-plane for x=<0; e.g., see STOKER (1957) where the
disturbance created by the breaking of a dam, and the effect of moving a vertical
end plate in a tank of still water of rectangular cross-section, u (o) =0, are con-
sidered. Since the bottom is flat and horizontal (m =0), all of the equations
following (30.9) are equivalent to the gas-dynamics equations with a specific
heat ratio y =2. Consequently, the problems solved in COURANT and FRIEDRICHS
(1948) for channels of finite length which produce wave reflections at either end
are also applicable. In this hydraulic analogy to compressible flow it is important
to remember that (30.13) is only applicable to subcritical flow, which is equivalent
to subsonic gas flow, since we must have (dx/dt)c. =u— c<0 or u (o)< ¢ (00) =
Veh. When the flow is supercritical, so that #(o0)>c¢ (oo =Vgh, corresponding
to supersonic gas flow, then the slopes of both the C, and C_ characteristics are
positive. Consequently the two families can meet in a cusp, and the C._ character-
istics cannot intersect both the f-axis and the undisturbed steady supercritical
state that lies at, and to the right of, CY. Therefore, in order to apply (30.13)
for supercritical flow, the region of the constant value of S, as given by (30.12),
must be very carefully defined.

Another limitation on all the preceding equations is indicated for the com-
pression wave depicted in Figs. 38 and 39. This limitation is defined by the
envelope of the straight characteristic lines that must always form for a com-
pression wave in this first-order theory, as will be proven later. This envelope
of the straight characteristic lines corresponds to a discontinuity that can be
interpreted as a discontinuity in #, or the breaking of the wave crest. This leads
to the hydraulic jump or surge that will be discussed later. The gas dynamic
case has the envelope of the straight characteristic lines interpreted as a steady-
state shock wave [see, e.g., COURANT and FRIEDRICHS (1948, pp. 110—181)].

= const (30.14)
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B) Two-dimensional, steady, supercritical flow by the first-order shallow-water
theory. We will now investigate the characteristic curves of the nonlinear equations
of the first-order shallow-water theory for the case of steady two-dimensional flow.
We will find that real characteristic curves, which are a great aid to numerical
calculations, exist only in the regions wherein the flow is everywhere supercritical.

If we consider the steady two-dimensional flow over a flat horizontal bottom,
then we may write (28.2) as

Uty + W, = “g(ﬁ +h0)x: - (Cz)xr
wa—'—wwz: _g(n +h’0)z: - (02)zr
[ (4 Do) ], + [w (4 ho) ;=0 or (ue?), + (wc?), =0,
U=y W=y Uy=W, = @y
By multiplying the first equation by # = ¢, and the second by w = ¢,, and adding,
we obtain

O3 ozt 200 @ s+ 92 o= — [@2(*), + @, ()] = (pss + 90) 2. (30.16)

Therefore

(30.15)

(B ~1) g +2 8 .+ (B 1) =0 B0.47)
or
(1= %) g — 2 g+ (1= %) =0 (30.18)

where c?{x, ) =g[hy -7 (x,4y] and hy now is the still water depth found when-
ever (u?+w* =0=7. Note that (30.18) immediately linearizes to (29.3), so
that the numerical differences between the solutions of (29.3) and (30.18) will
provide an estimate of whether or not the second-order shallow-water theory,
as discussed in Sect. 31, must be introduced.

The characteristic curves of (30.18) may be found in a manner similar to that
used for (30.3) by finding the curve [#(«), 2(«)] in the (%, z)-plane along which
prescribed values of ¢, and ¢, cannot determine ¢, ,, ¢, ,and g, ,. Therefore we write

(1—%’5)%#(—21—?) P+ (1_%:)(pzz20:

a¢
Yo Pz —i—Za Pz +0= "'Zi;x—:

(30.19)

d
0 +xa(pxz+z<x Yoy = df;:

which may not have a solution if the determinant of the coefficient is zero, that is if

u2 2uw w?
T T e T
X ” o |=0, (30.20)
xa za
or
u? % w
(1—7)z§+27zaxu+(1—%)x§—0,
ww [t (30.21)
e (0 il/ s !
Xy dx)ci - u?
4 = 1
02
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which therefore gives the slopes of the two families (C, and C_) of characteristic
curves. Now, however, entirely unlike the previous one-dimensional unsteady
flow solution, the characteristic curves exist only for supercritical flow, i.e.,
for u?+w?>c2=g(h,+7). The fact that the characteristic curves are real for
supercritical flow means that in this case the nonlinear equation (30.17) is hyper-
bolic. However, for subcritical flow, since the characteristic curves are then
complex functions, it is of elliptic type [see, e.g., COURANT and FRIEDRICHS
(1948, pp. 40—55) or PREISWERK (1938)]. ‘
We can obtain a solution for the behavior of the quantity

F(x,2) = Vl‘2+ L (30.22)

c? =

(which defines the Froude number of the supercritical flow) along a character-

istic curve by transforming (30.18) into the (#, w)-plane, called the hodograph

plane, through the use of the Legendre contact transformation which is given

by [see, e.g., COURANT and FRIEDRICHS (1048, p.249) or PREISWERK (1938)]
=g tip— ) =@Futzw—9),

dy = (xdu +udy +zdw +wdz —de) = (xdu + 2dw).
Hence :

F=t T
erratal
Ax = %,du + %, 4y =Y, 8% + YuwdWw,

Ay =z,8u + 2,80 =%,, 3% + Yo dW.
Solving for du and dw, we obtain
du = N1 (wadx - qudz) = d% = Prx ax + (pxzdz»
dw = N <_ qudx + qudz) = d(pz =@, dx + (pzzdz:

where
N — qu qu :*: O’
qu wa
so that
(pxxz%iu‘: (pxz:_'l]\%‘ﬂ» @z = XXTM

The nonlinear equation (30.17) in the physical (, z)-plane is transformed into
the following linear equation in the hodograph (#, w)-plane:

(%;_1)%uu*2_1%230;751410','(%2_1)%1&10:0' (30.23)

The same procedure used in (30.19) through (30.21), or a simple comparison of
(30.17), (30.21), and (30.23), shows that the characteristic curves of (30.23)
in the hodograph (, w)-plane are defined by

uw u? - w?

R =

Uy du w?
T __1
[

The characteristic curve I in the hodograph (u, w)-plane is orthogonal to
the characteristic curve C, in the physical (x,.z)-plane if we superimpose the two
planes so that the velocity vectors coincide.. This may be easily shown by rotating
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684 JouN V. WeHAUSEN and EpMUND V. LAITONE: Surface Waves. Sect. 30.

the axes for (30.21) and (30.24) so that w =0 (see Fig. 40); then the equations
for the slopes of the characteristic curves C, and I’ simplify to

(%)@: ;:— = Vf:: =— d; . (30.25)
P (71;)1’

Similarly, I", is orthogonal to C. when the planes are superimposed so that the
velocity vectors are coincident (see Fig. 40).

(/|
( ,‘)7
6.},

(L

g

Fig. 40, Characteristic directions in the hodograph (%, w)-plane and the physical (#, z)-plane.

Eqs. (30.24) and (30.25) show that along any characteristic curve there exists
a simple solution which is independent of the boundary conditions of a particular
problem, for we can directly integrate (30.25) with axes rotated so that w=0
and hence dw=wu d9:

(2] =(52). =~

We integrate! (30.25) as follows:

Jo VR |,

|49 = V}tan—l]/_ (F2—1) —tan2 JF? — 1 =/ (F).

Consequently (30.26) provides a general solution, independent of the boundary
conditions in the physical plane, for any two-dimensional potential flow that
possesses the property of having simple waves in the given region, so that the
end of the velocity vector follows I"_ in the hodograph plane. The numerical values
from (30.26) are indicated in Fig. 40 and are tabulated in Table 1 on page 688
{taken from PREISWERK (1938)].

The useful relation between ¢ and (#, w) that was used to integrate (30.20)
and calculate Table 1 is obtained by multiplying the first equation in (30.15)

1 See (30.27) and (30.29) which show that with w=0

2 2 -
au__4¢) =+ 8 (14 3P| FaF = +

u u?

dF
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by dx and the second equation by dz, and then adding them. One obtains suc-
cessively

w(t,dx + u,dz) +w(w,dx + w,dz) =— [(?), dx + (c¥),dz],

wdu +wdw =—d(c?) =—gdn, (30.27)
7 (4 + w?) + ¢ = const = F (w2 + w?) +g(hy+ 7).
Therefore

Bt + )+ 00 = B+ w) + g (o +7)

=gh’0 - %(Mz _I_ wz)max = %Ci = %qz + 2= %Q?hax:
where (see Fig. 41) A, is the still water depth (or stagnation total head depth)
that corresponds to g 4-wd =0 =n,, (4?4 w?),,, is the limiting resultant velocity

(30.28)

/ J
z ghect=ghy=sof

0‘) y‘?- UZHVZ
niie gty
NS 1)
‘\\\\\\t\s“::’:::s 3 G=0=72y
. AXRREKS

/f': /j . /Z-‘?Z-}z 2 Fig. 41 a—c. Reflection of expansion waves
\(F=z2) and nozzle design

squared which is approached when the depth of flowing water approaches zero
(n~>— hy), and c* is the speed when the resultant velocity Ju? +w2=c* is critical
(F=1), so that

—— 2 21 1
O =]/g(h0 + %) =l/?gh0 = 1/”3? [?ci + 8 (ko “|'77*)} = l/?(’”z + @) max»
(5*_)2__0_3,__3_”_2&
o o ho-‘3~— By’
Mo Rt 2 (04 ®max g
b 3’ kg 3’ & ’
0\ ghy _ L i z_/fg)z(”f*)z_i(ﬁ)zzﬁg
(7) “—62—_1_}_ 2¢2 *,1+2F‘—_kc* c]  2\c¢ 3k
z_“2+w2.~<2«.)2 2 2F0
Fr= &2 T \¢ F*—3—F,E’
2_ﬁiﬁ_“(1)2 2. 3%
F*— Ci - Cx F —2+F2.‘
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It is very useful to note that Egs. (30.26) through (30.29) may all be obtained
directly from the two-dimensional isentropic gas-flow equations by simply letting
the specific heat ratio y =2 and F=M, F, =M, as had been previously shown
by PREISWERK (1938) [see also COURANT and FRIEDRICHS (1948)].

Velperity elljpse

Mo, circle Gy
]

(u,m)plorre

Fig. 42a and b. Hodograph (%, w)-plane characteristic epicycloids,

The Riemann invariants for the characteristic curves (C,, C_) will now be
determined. First we can show that the velocity component normal to the
characteristic curves is always the local velocity of the shallow-water wave
propagation, ¢(x, z). We do this by writing (30.21) as

(uds—wdn)h, = [(d2)? + (@2))c, = 2 (@A),
dr | dw\? (30.30)
¢=(ugr—w ), =@n+e.nl=)k,

since the relation between the normal direction (r), and the tangential direction (A)
along the characteristic curve (C,) is given by (see Fig. 40)

(anle, = (a3)e, (arke, = = (3]
TZ_%—)CJF_ WQ_’ anjc, dilc,’
Similarly, if 4 is the tangential direction along C_,
d dx\2
03 = (“ 'Zj: —w ﬁ)c_ = ((Px Xn+ @y Zn)%- = ((pn)%_ .
Also, from Fig. 40 and (30.21)
_(dz gt et °
tana—‘(ﬁ)ci,ho,—-j:v—m_—_—q—,, sin o = =4 7 (30.31)
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where ¢ is the resultant velocity magnitude. Hence
P=@+w) =(@+) =@+, d=tanl,
u=gqcos?, w=gsind,
@, =¢=gsina, @,=gcosa=g,.

Substituting (30.31) and (30.32) into (30.21) and (30.24) we obtain

cos@sind 1
dz sin? o tan o
(W)Ci_ cos?d = tan (& L o),
sin? o
cosPsind 1
dw T sin2a tan o
(E)I‘; sin2 @ =—cot(d+a).
sinfo,
Therefore, as proven before in (30.25),
(&, (F) =1 =5 (&)
d—x)c+ dujr.” ~  \dxjc_\du/r’

687

(30.32)

(30.33)

(30.34)

(30.35)

that is, as shown in Fig. 40, the C, characteristic curves in the physical (x, 2)

plane are at every corresponding point orthogonal to the I characteristic curves
in the hodograph (u, w) plane. All these results are the same as in the gas-dynamics
case where the C, characteristic curves are referred to as the Mach lines since,
as shown by (30.30), the normal velocity component is always the local speed

of sound.
Now, as shown in Fig. 40,

dw ' 1
(d—u>r_—tanwp_, wp_—ﬁ—%—oc—?n,

dw 1
(E—u—)n_ tanwr,; op=9—a+7;

therefore (30.33) may be written as-

(%)C+= tan (& + «) = tan (wr_+ -;— 7!) s

(%)C_= tan (§ — «) = tan (wp+_ %75)

Consequently the Riemann invariants are given by
R=0%+a—wr—%n, S=%—a—owpn+3smx.

These may be simplified by calculating

wr_= arc tan (%)r = — /3 arccot [ I/ %—] =—]3 arctan “/

from (30.24) and Fig. 40 since

ﬁ_—; [tana| = V%‘wt(%)‘

[or see COURANT and FRIEDRICHS (1948, p. 266)].
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Table 1.
f . F, f .
(e o . F K ) 1 5 F, F K
0 2/3 1.000 | 1.000 00 26 0.234 | 1.516 2.56 - 0.160
1 0.624 | 1.062 | 1.098 2.68 27 0.223 | 1.527 2.64 —0.177
2 0.598 | 1.101 1.160 2.07 28 0.212 | 1.538 2.73 —0.196
3 0.576 | 1.129 | 1.214 1.40 29 I 0.201 1.549 2.82 | —0.216
4 0.555 | 1.156 | 1.267 1.014 30 0.190 | 1.559 2,92 | —0.234
5 0.535 | 1.182 | 1.319 0.758 31 0.180 | 1.569 3.02 | —0.252
6 0.516 "| 1.207 | 1.371 0.590 32 0.170 | 1.579 3.13 —0.271
7 0.498 | 1.229 | 1.422 0.476 33 0.160 | 1.588 3.24 —0.291
8 0.481 1.249 1.470 0.394 34 0.151 1.597 3.36 —0.313
9 0.464 | 1.269 | 1.520 0.318 35 0.141 | 1.605 3.49 | —0.336
10 0.448 | 1.288 | 1.570 0.263 36 0.132 | 1.613 3.63 —0.36
11 0.432 | 1.306 | 1.622 0.215 37 0.123 | 1.621 3.78 —0.38
12 0.417 | 1.323 | 1.674 0.170 38 0.115 | 1.629 3.93 —0.40
13 0.402 | 1.340 | 1.727 0.133 39 0.107 | 1.637 4.01 —0.43
14 0.387 | 1.356 | 1.781 0.103 40 0.099 | 1.644 4.26 | —0.46
15 0.373 | 1.372 | 1.835 0.072 41 0.092 | 1.651 4.44 —0.49
16 0.359 | 1.387 | 1.89 0.046 42 0.085 | 1.657 4.63 —0.52
17 0.345 | 1.402 | 1.95 0.020 43 0.078 | 1.663 4.85 —0.54
18 0.331 1.416 | 2.01 — 0.004 44 0.072 | 1.669 5.08 —0.58
19 0.318 | 1.430 | 2.07 —0.028 45 0.066 | 1.675 5.33 —0.62
20 0.305 | 1.444 | 2.13 —0.050 46 0.060 | 1.681 562 | —0.66
21 0.292 | 1.457 | 2.20 —0.071 47 0.054 | 1.686 5.95 —0.70
22 0.280 | 1.470 | 2.27 —0.089 48 0.048 | 1.691 6.30 | —0.75
23 0.268 1.482 2.34 —0.108 49 0.043 1.696 6.68 —0.81
24 0.256  1.494 | 2.41 —0.126 50 0.038 | 1.700 7.11 —0.86
25 | 0245  1.505 | 248 —0.143 | 65°53° | © 13 oo - —00
Therefore

_ S S TR Y I/F2~1
R =19 4-arctan Vﬁ: 5 + J3 arc tan 3

=19+]/§arctanl/ﬁ:7—arctan]/172"j1:0 + 1 (F),
S =9 — arctan ——— V‘__ -{——--~—]/3 arctanV 21

=9 — )3 arc tan V—g—l —l—arctan]/]‘*“z_:q:ﬁ—f(ﬂ‘

where / (F) is given by (30.26) and Table 1. Consequently the Riemann invariants
are very simply expressed for the characteristic curves in the physical plane as

& — f(F) =const on C,, &+ f(F)=const on C_. (30.36)

The function f(F), which was derived from the fact that the end point of the
velocity vector follows a characteristic in the hodograph plane in (30.26), is
seen to have important physical significance, and directly provides the Riemann
invariants for the steady two-dimensional potential flow. In gas dynamics
f(F)={(M) is referred to as the Prandtl-Meyer expansion function and, in the
form in which it is given in Table 1, it corresponds to the supersonic free expansion
about a sharp corner as shown in Fig. 43 for the centered simple wave with a
specific heat ratio ¥ =2. Since this Prandtl-Meyer function is so important,
let us re-derive it on another basis that will further illustrate its physical signi-
ficance. From the fact that f forms the Riemann invariant it is evident that »
and w cannot be independent of one another on any such. simple characteristic.
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Consequently, if we write the original potential equation (30.18) in the physical

plane as
u? nw w?
(?z*— 1)ux+z7uy+(c—z—1)wy=o
and introduce w =w (u) so that

wy = %y w’(u) s Uy wl(u’) Wy = Py = My:

we obtain
u2 % % w w2 ,
or
_ PRI
dw , Z’:w :‘:]/u —c:w —1 ,
T =W () = o : (30.24')
= !
Fel=f;
) .
G«
Y
)
S130.28)
i G

-~
=18
v z /c; /

d)
Fig. 43a—d. Simple waves and the formation of hydraulic jumps. (a) Complete centered simple expansion wave.

(b) Simple(C,) expansion waves. (c) Simple (C,.) compression waves forming a discontinuous (hydraulic jump) increase in
water depth. (d) Detached hydraulic jump.

This derivation gives exactly the same result as in (30.24) and verifies the fact
that discontinuities can occur in the first derivatives normal to a characteristic
curve, If we introduce (30.32) into (30.24) we obtain the equivalent of (30.26)
1 dgq ! 1
7—ﬁ—tantx =ﬁ (30.37)
Handbuch der Physik, Bd. IX. 44
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which again has /(F) as the general integral because (30.28) shows that
a9 _ dq _ dlgles) _ aFy _ 1 aF

VFP—1 ¢ (@) R 1+EF F

(30.38)

However, neither of these methods gives the direct proof that f(F) provides the
Riemann invariant. This fact may be proved directly by the following derivation
which utilizes the velocity component g, along the C, characteristic, and ¢,=c¢,
from (30.30), normal to C, as shown in Fig. 40. Hence

@,=gcosu, @,=c=gsina,
do,=cosadq— gsinado =c(dd—da), (30.39)
A, =Afsin (@ +«), p,=1/sin (¥ — a)

since, from (30.37),
dg— sing
T cosa

Then from (30.28) and (30.32) we have

ipt+e=%@+ed)+l=3¢i+3t=3G.=3%,
=5 — 9D =& — 3¢5, (30.40)
so that (30.39) may be written
—_ + const = [ d((pﬂ) fv1 — V}f ]/ <pl/qms.x
(@hox— 9} 1— (P2/qmax)® (30.41)

=3 arcsin ( q‘iix) J/3 arcsin ( Vﬁff&_ - ) =3 arc tan( V—)
This may be finally written in terms of (F) alone by noting from (30.39) that

o _gose_ 1 _y/pe Y

¢ @, gsinag tang

Consequently (30.41) reduces to

~+ const

9 (F) — V3 arc tan(l/i (F? — 1)) — arc tan ——
s VFP—1 (30.42)
=9 (F)—]3 arc tan(l/i (F2— 1))—[— arc tan ]/FZ— 1=9—}(F)=const,
where f(F) is the same Prandtl-Meyer function as given in (30. 26) and Table1.
Therefore we have proven that the Riemann invariants are given by (30.36)
and (30.26). In addition to the relation between f and F in (30.26) it is sometimes
convenient to use one of the following:

fl) = V§ arccot (J3 tana) + o — % 7
=f(Fy) =13 arctan V 52—;2— — arc tan

It now follows that a numerical solution can be obtained for the general prob-
lem in which both families of characteristics represent curved non-simple waves
by carrying on a simultaneous finite-difference solution in the physical (x, z)-
plane with (30.33), and in the hodograph («, w)-plane by (30.26), (30.34), and
(30.36). Almost any initial- or boundary-value data can be handled in this

T e | 3026
V1——%F3:7ﬁ
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manner as long as the curve on which the data are given is not coincident with a
characteristic curve. The solution cannot be obtained in the neighborhood of
any portion of the boundary-value curve that happens to be tangent to any
characteristic curve, because, as proven by (30.20), the solution is indeterminate
for boundary-value data given on a characteristic. It is easily seen by this finite-
difference method that the data along a smooth non-characteristic curve can only
determine the solution inside the quadrilateral formed by the characteristic curves
passing through its end points (Fig. 42) [see, e.g., PREISWERK (1938) or COURANT
and FrIEDRICHS (1948)]. This well-known behavior of hyperbolic-type partial
differential equations is most directly demonstrated by writing them in their
normal or canonical form by transforming the coordinates to curvilinear axes
which are the characteristic curves themselves. For example, PREISWERK {1938)
transforms the equivalent of (30.23) onto the'curvilinear characteristic-coordinate
(A, u) system to obtain

[F)=2(+p), d=z(—p),
Kaw=— K@ p) (a4 2)» (30.43)

_ F1—1R
K = V33—FYt (F—0)}

This normal or canonical form is so useful in carrying out the finite-difference
method of solution, that the values of K have also been included in Table 1.
It can be used in the following type of approximation, as indicated in Fig. 42
where (1, 3) are known values and (2, 4) are to be calculated,

Xa "X X2 —
xﬂ=7f_7f, ":ui—i‘l{’ (30.43')
(_.. M) (x +x ) =y = (X3+X1)“‘(Z4+X_)~. .
2 ’ " Au (A=) (pr—py)

Consequently, if the data were given on only one characteristic curve the method
would fail since the values must be known on both characteristics, or on the non-
characteristic curve s in Fig. 42, so that one can also write

Xs = Xahs + Hults =¢(s),
Xn =Z;.ln+xuﬂn =G(S)

The numerical method of solution by finite differences following (30.43")
is known as the ‘“lattice-point method” and replaces the original partial dif-
ferential equation (30.43) by a set of linear algebraic equations. The other com-
monly used semi-graphical method of solving hyperbolic partial differential
equations is called the network or ‘““mesh method” and can be illustrated by
writing (30.43) in the form

Ayi=—K(p+x.) Au,
30.431/
AZMZ—K(XA‘}‘X,‘)AX (* )

The average value at the center of each mesh formed by the characteristic net-
work is used for the trial and error numerical calculation of each A increment.
The increments are drawn tangent to the characteristic curves as indicated in
Fig. 42. The simultaneous semi-graphical solution must be carried out in the
physical plane as shown in Fig. 42 by using (30.33) and writing (30.39) and

(30.41) in finite difference form.
i N - . 44%
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As a further aid to numerical and graphical solutions it is useful to plot
{ (Fy) from (30.20") or Table 1 on the hodograph (u/c,, w/cy)-plane as shown in
Fig. 42. The single curve defined by Table 1 may be drawn and then rotated
by equal increments of A4, or the construction may be accomplished entirely
by graphical means as indicated in Fig. 42 by rotating the small circle upon the
inner unit circle representing critical flow, while the outer maximum circle has
a radius of 3 representing ¢p../cy from (30.29). This geometrical construction
yields f(F,) since it is an epicycloid, as proven by PREISWERK (1938), or Cou-
RANT and FRIEDRICHS (1948, p. 262). All simple waves must follow the char-
acteristic epicycloid in the hodograph plane because simple waves are defined by
(30.37) which has been proven to have f(F,) as its integral. It can be shown
that all streamlines corresponding to non-simple waves must lie within the cor-
responding characteristic epicycloids as indicated in Fig. 42, since the stream-
line must have

1 (dF,,.)
F* ad pconst

<tana (30.44)

unless a finite discontinuity corresponding to a hydraulic jump (or shock wave
in a gas) is formed.

Another useful aid in the hodograph graphical construction is the velocity
ellipse, which is also drawn in Fig. 42. Wherever the velocity vector ¢ touches
the curve of the ellipse, it will be found that the major axis of the ellipse is in
the direction of the tangent to the corresponding characteristic (either C, or C.)
in the physical plane because, as a consequence of (30.29) and (30.32), if we assume
that ¢ =« then

(wfeq)? = I sin®a = F{[F* = (3 —I),

(ufcy)? = F2(1 — sin?a) = 3(FZ — 1),

Z(ufey)? + 1 =F} =3 — 2(w[cy)?,
or

F (]c4)2 -+ (@/ex)?=1=[F (@ufox) 2+ (c/ox)Nc_ 9mo=[5 (@s/ex) 2+ (c[e*)*]c, 0—0- (30.45)

This gives the velocity ellipse shown in Fig. 42 with a major axis of }/3 and a
minor axis of unity. The major axis is always at the Mach angle « with respect
to the velocity vector ¢ because we find from (30.28) and (30.32) that when o =%

(@[ex)? = (@ufca)? = (cfcs)? =1 — 5 (ufcy)?.

As in the previous case of unsteady one-dimensional flow over a flat bottom
we can obtain very simple solutions for the case of simple waves. In this case
there is an analogy between the (¢, ) diagram and the (x, z) diagram [see, e.g.,
CoURANT and FRIEDRICHS (1948)]. As before, the simple wave corresponds to
having the characteristics in the (x, z)-plane of one family become straight lines,
as in the examples shown in Fig. 43, so that (g, ¥, «, ) are all constant on the
straight line dz/dx =const in the physical plane. Therefore any given straight
characteristic line has all of its properties determined by f(F,) from (30.26)
and each of the straight lines in the physical plane maps onto a single point of
the same single characteristic epicycloid in the hodograph plane. The character-
istics of the other family remain curved in the physical plane and map in a
unique continuous manner upon the corresponding characteristic epicycloid
arcs in the hodograph plane. As before, in a simple wave these curved character-
istics are not required for a numerical solution. :
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Common examples of simple-wave problems are shown in Fig. 43, and they
always occur whenever a region of constant uniform properties adjoins a region
having any variation in its properties, the two regions always being joined by
a straight-line physical characteristic (dz/dx =const) as long as no finite dis-
continuities, corresponding to hydraulic jumps or shock waves, have been formed.
These finite discontinuities correspond to an envelope of the straight character-
istic lines that must form whenever the boundary-surface curves towards the
oncoming flow, resulting in a flow compression or decrease of velocity and increase
in water depth as indicated in Fig. 43. The solution is no longer single valued
at, or downstream of the envelope so this region must be replaced by a hydraulic
jump having a finite discontinuity.

If the local flow velocity and water depth are required only on the curved
boundary itself, then neither family of characteristics has to be determined
(except as a precaution to verify that no finite discontinuities have formed near
the boundary due to flow compression). The solution on the curved boundary
itself is given directly from Table 1 by simply measuring f(F,) as the value cor-
responding to (see Fig. 43)

HF@)] =1 [Froo) 9. (30.46)

If this expression becomes zero it signifies that the supercritical flow has been
compressed to critical speed and a detached hydraulic jump can occur as in
Fig. 43.

Whenever disturbance waves enter along both families, either due to another
boundary or by reflection from a hydraulic jump, as in Fig. 41, then the mixed
region contains non-simple waves, and only a numerical solution, similar to the
ones discussed in conjunction with (30.43), can yield the exact solution. However,
an approximate solution for the particular cases shown in Fig. 41 can be obtained
by approximating the curved characteristics in the non-simple region by means
of simple-wave straight characteristic lines. The geometrical construction assumes
that the curved boundary wall of the nozzle can be replaced by a series of straight
chord lines which each have the same magnitude of A9 at every corner, as depicted
in Fig. 44. At each expansion corner it is assumed that the centered simple wave
(corresponding to a portion of the complete Prandtl-Meyer expansion, f) can be
approximated by a single physical characteristic that is the average of the actual
expansion fan of characteristics. This is the (dz/dx) straight line that is normal
to the midpoint of the A¥ epicycloid arc representing the expansion-angle change
at this corner, as shown in Fig. 44.. Similarly, the compression corner that turns
into the flow is represented by the single compression simple wave that is normal
to the midpoint of the A% epicycloid arc representing the compression angle
change at this corner. It will be shown that the angle of this single average
compression wave is actually the correct limiting value for a weak hydraulic jump.
The geometrical construction is carried out in the manner indicated in Fig. 44.
Whenever a streamline crosses one of these finite amplitude construction char-
acteristics the flow is assumed to bend through the A% associated with the finite
corner bend which supposedly produced this single finite wave. The correspond-
ing construction in the hodograph plane transfers to the epicycloid arc that is
normal to the single finite wave in the physical plane as shown in Fig. 44.

Also shown in Fig. 44 are the geometric constructions required for the reflection
of ‘these simple finite waves in the physical plane from either solid boundaries,
or from free boundaries with constant water depth. In the reflection from a
solid boundary the original boundary slope is again attained by the velocity
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vector after passing through the reflected wave which has the same strength
for flow deflection as the original oncoming finite simple wave. In the hodograph
plane the streamline has gone from one family of epicycloids to the other, ending
at the same value of &. The completed solution for the flow inside a channel

\(]Z-ﬁ,,ﬂ'ﬂﬂ.sf
v, I
2

A
/

Fig. 44. Reflection of compression and expansion waves,

of varying width having supercritical flow (F>1) is presented in Fig. 41. For
additional details and aids on the graphical constructions see PREISWERK (1938).
As another example in Fig. 44, consider the reflection from a free jet; hydraulic
jump, or any constant-water-depth free boundary, which must occur in such a
manner that the same water depth is maintained after passing through the reflected
wave which is not only on the opposite family of epicycloid arcs, but now must
have the negative algebraic strength of the flow deflection of the original oncom-
ing wave; consequently, the value of A+ is exactly doubled after passing through
the reflected wave. That is to say, unlike the ordinary reflection from a solid
boundary, the reflection from a constant-depth free boundary results in the
opposite type of wave, an expansion wave becoming a compression wave and vice
versa.
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In conclusion it must be noted that this two-dimensional steady-flow analysis
is only valid for a flat horizontal bottom, as was already shown by (29.3) for the
linearized equations. If the bottom slope varies, then the Riemann invariants
do not exist, simple waves do not occur, and the numerical solution is much more
complicated. However, there is an even more important criterion that must be
satisfied before any of the solutions given so far can be applicable. This is the
necessary requirement that all the perturbation quantities involved (¥ — U, w, %)
must be sufficiently small so that it is not necessary to introduce the second-order
terms from Sect. 31. A satisfactory evaluation of this criterion, at least for F
not too near unity, can be obtained by comparing the solutions of the non-linear
equation (30.17) with the linearized equation (20.23) or (29.32). As is well-
known in gas dynamics, and is apparent by inspection, (29.23) and (29.32) are
not satisfactory for F approaching unity since additional terms must then be
retained. For example, on the boundary profile itself, (29.3) for a flat horizontal
bottom must include the additional term 3F2(¢p,/U)g,,, which corresponds to
the ‘“transonic approximation’’ of the gas dynamic equation (with a specific
heat ratio  =2) in the limit as F approaches unity. However, for the solution
of the steady flow everywhere about a two-dimensional profile it may be necessary
to use

U—FY) g+ p.=F 3% g, +2% 0, (30.47)

since (29.29) indicates that far from the profile w/U =¢,/U ~1/z, whereas
(u—U)]U =¢,/U ~1/22. Inany case any radical increase in the order of magnitude
of any perturbation term immediately indicates that the second-order terms
discussed in Sect. 31 must be introduced, since the non-linear equation (28.1)
and all the preceding results are based only on the first-order terms of the shallow-
water theory. ‘
y) One-dimensional, steady, open-channel hydrvaulics and the hydrvaulic jump.
The reltations given in Eqgs. (30.27) (30.28) and (39.29), and shown in Fig. 41,
can be used in what is commonly known as the steady “ one-dimensional”’ hydrau-
lics of open-channel flow. Here we assume that even though the channel width
b(x) is varying, still the values of ¢ (%) and % (x) do not depend upon z and there-
fore do not vary on any given cross-section. In conjunction with the steady
““one-dimensional”’ concept it is necessary that wa0a4. Consequently the
basic equations to be used for a flat horizontal bottom are given by ¢(x) =u(x)
in (30.27), (30.28) and (30.29), and, in addition, by the ‘one-dimensional” con-
tinuity equation

b(x) 1 (%) u (%) = A(x) u (%) =Q=(

where, from Fig. 41, & (%) =ho+n(x) = A(x)[b(%).

The validity of the “one-dimensional’’ assumption can be considerably in
error if b’(x) is large since it is obvious that in this case w or ¢ cannot be small.
However, the ““one-dimensional’’ approximation gives surprisingly good numerical
values, even in supercritical flow 4f the channel is well designed as in Fig. 41 so
as to maintain the flow as uniform as possible. However in supercritical flow the
velocity over any cross-section remains uniform only near the design Froude
number (F). PREISWERK (1938) gives the calculated and measured water depths
in a Laval-type nozzle (the same one duplicated in Fig. 41) at various super-
critical Froude numbers (F>1). His results indicate that ‘one-dimensional”
hydraulics gives a satisfactory approximation, having an error probably less
than 10 %, even for critical or supercritical flow. This method should be especially

meters?
sec

) = const, (30.48)
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useful for subcritical flow since the more exact numerical solution is now very
difficult to obtain because the simple method of characteristics is no longer applic-
able.

The most useful, and obviously the mest accurate, application of *“ one-dimeri-
sional” hydraulics is to the constant-width rectangular-cross-section open-channel
flow. In this application the friction effect of the vertical channel walls generally
has a greater effect on the variation of ¢ («, v, 2) than would any of the more exact
terms of the complete first-order shallow-water equations (28.1) which have been
derived on the assumption of negligible viscosity effects. Consequently the

1 i
a -]
dz UZE—: 1
4 Y - g 4
z, Spe=0 Zz
b) //-'/”//W>W C) //-<V~7
Sfr50.25)
yh
%
"Shock poler” / G 7
(=2 .
) %,

Fig.45a—d. (a) One-dimensional flow over a sloping bottom, |#v/d4|< 1 so centrifugal force negligible. (b) Normal
hydraulic jump. (c) Undulating hydraulic jump. (d) Oblique hydraulic jump with © = w, = w,.

“one-dimensional” assumption that ¢ =u () provides a satisfactory approxima-
tion for the constant width (b), rectangular-cross-section, vertical-wall channel
having A(x) =bd(x). Even more important, this open-channel flow analysis
may be further generalized, with but little additional difficulty, to apply to a
bottom slope varying also with x. The “one-dimensional” continuity equation
(30.48) then becomes

w (%) d{x) = % = const, (30.49)
where d(x) is measured vertically from the varying bottom as shown in Fig. 45.
The generalization of the Bernoulli equation (30.27) to include extraneous head
losses (#;), other than those due to friction, and local variations in the bottom
contour y(x), as shown in Fig. 45, may be written as

kg meters u2(x)

(specific energy) = (T) = (meters) = d (x) + —"= 4+ v (%) + Ay (%)

2¢
2
—d(x) + 2%’2}{) + y (%) + Iy (%) = const.

(30.50)

This assumes that in steady flow the work of gravity, through the known average
slope of the flow, is wholly spent in overcoming the frictional resistance.
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Another relation, that is necessary for calculating the sudden additional head
loss 4, in hydraulic jumps or other discontinuous flow phenomenon, is given by
the impulse-momentum relation [see KELvIN (1886), RAVLEIGH (1014), or BAKH-
METEFF (1932)],

(specific momentum) = ( meterss) = L@ () +d(x) w(x)

sec?
(Q/p)?
a(x)

which is constant across the hydraulic jump over a flat horizontal bottom as
shown in Fig. 45.

Eq. (30.50) with zero additional head loss (k; = 0), gives the * one-dimensional”’
“solution for the open-channel flow that has no finite discontinuities in the flow
itself, and either has the hydraulic frictional resistance exactly balanced by the
given average slope for steady flow (so that if y =0 the surface slope is parallel
to the bottom), or the hydraulic frictional resistance can be approximated by the
Chézy formula for the case of varying open-channel flow [see BAKHMETEFF (1932)
or STOKER (1957)]. A useful concept for nearly all solutions is the definition of
the critical depth d,, which corresponds to our previous definition of critical
flow velocity in (30.28), that is, with - w ~0~® we assume that

1 (30.51)
— sed (0 +

2 max
Uy = Cy =l/——gh0 = KV? F,=1=F,
do= 2= — [ LR,
e g
The last relation for d, can be obtained either directly from (30.27), or by sub-
stituting the expression u, = /% gk, into (30.50) with ¥ and %; both zero. Also
from (30.29) we have
d _ 2 GO Y
e P =

il

(30.52)

(30.53)

As an example, if we apply Egs. (30.50) and (30.52) to determine the flow
relations between stations (1) and (2) in Fig. 45a we obtain, since 4; is generally
negligible for a smooth variation in y,,

dy | 1 ()2 dy | A [de\t 3,
mtsla) e rala) -2
as a satisfactory approximation for “one-dimensional” hydraulics, at least as

long as y,/d, is sufficiently small. It is interesting to note that here is another
resemblance to gas-dynamics behaviour since

d

yz;_ < >1 for F <1,
*

yz;'d2> <1 for F,>1.
*

As another example, if we consider the hydraulic jump shown in Fig. 45b,
now we find that a solution can only be obtained by using the impulse-momentum
relation (30.51), thereby proving that the discontinuous change occurring in a
hydraulic jump must result in a head loss. If the bottom slope is negligible, as
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indicated in Fig. 45b then the impulse-momentum relation (30.51) may be writ-
ten, with Q/b=wu,d; =u,d,, in the following manner, first given by RAYLEIGH

(1914):

b 2
sed+dad=tea O Lo tad
2
dy \2
F2~LQ_@2__L§_L(_‘TQ__1_L£_(1+ ) (30.54)
Y T A =72
d2
or, if we let the actual rise in water level be a =d, —d,,
F=-"__ [ 3 a 1 LZJQ
e 1 t2g 2(41) : (30.55)

where
g = ZT=%“/‘ +8%§§‘2‘— 1] = [TF8F—1].  (30.56)

Similarly, (30.54) can also be solved for

2

2—(Q/b)2—-.i{_2__l_£1_ ﬁ_ 2&3
F= gdd ~ gd, 2 d, (1 + dz)—Fl(dz) . (30.57)

Eqgs. (30.54) and (30.57) may be multiplied together to yield

3 14 )14 8F¢
s =5 g+ d) = [ 52| e H<d>d. 005y
The last inequality in (30.58) is obtained from (30.50) and (30.52) by noting that
in any finite hydraulic jump the head loss must also be finite, so that &, =/,
fg,>>0 and (30.50) must be written as

2 uf ui
B35 = a3 (B b~ T,
1 1 — d,jd,)?
=Ry, — ho, = + 1:12____(“;:/;3 d, (30.59)
BN - JE ey BRI s 1L
— T F V14 8F2 — 1] Y

Thus (30.52) and (30.59) gix}e the total head ratio, and therefore the critical speed
ratio, as

o _ (e P _ e
hol - ( ) 1 ho dl*

Cin N

(V1 +8FF —1)°+ 47} (060)

- (V1 +8F2 — 1)2 (2 + F})

Consequently there is no direct analogy between finite hydraulic jumps and
gas-dynamic shock waves, as was pointed out by PREISWERK (1938), since in
gas dynamics the well-known Prandtl relation for normal shock waves gives
wuy =c%, and ¢, is constant through the shock wave [see, e.g., COURANT and
FRIEDRICHS (1948, p. 146)]. The equations are similar only for the limiting case
as the hydraulic jump vanishes so that Fi=F,=1, dy=d;, and hy=h, . How-
ever this limiting process corresponds to the 1sentrop1c potential- ﬂow case where
there is an analogy for small perturbations over a flat horizontal bottom, as
previously discussed. Also, as indicated by (30.59) the head loss and variation

"Surface Waves Online" - Copyright 2002, Regents of the University of California. All Rights Re


Ronald W. Yeung
"Surface Waves Online" - Copyright 2002, Regents of the University of California.  All Rights Reserved


Sect. 30. Nonlinear shallow-water theory. 699

in ¢y could be neglected until the third-order terms become important, so that
for F near unity the first- and second-order terms of the hydraulic-jump rela-
tions correspond to the gas-dynamic shock-wave relations having a specific heat
ratio y =2. However, this is identical to the known fact that weak shock waves
may be considered isentropic to the third order of approximation; consequently
the hydraulic analogy to compressible gas dynamics exists only for small per-
turbations in potential flow.

There is no direct analogy between the finite hydraulic jump and the gas-
dynamic shock wave because the hydraulic jump has a head loss that must be
included in the specific-energy equation (30.50). This head loss results in a loss
of kinetic energy that is no longer available as flow energy since it is converted
into an insignificant temperature rise in the water itself. In the gas dynamics
energy equation the entropy increase through a shock wave of course corresponds
. to a loss of kinetic energy, but this-is;converted, through the increase of the tem-
perature of the gas, into an adiabatic enthalpy increase that maintains constant
flow energy through the shock wave [see, e.g., COURANT and FRIEDRICHS (1948,
p. 125)]. The most unusual effect of this loss in flow energy (or #4;) in the hy-
draulic jump is revealed in (30.58) which shows that the flow velocity down-
stream of a hydraulic jump is always less than in the corresponding gas dynamics
case, which maintains ¢, constant so that u,u,=c%. For example, in the gas-
dynamic case when F,— oo, then u,/c,—]/3 (for y =2), and therefore uy/c,—1/)/3.
However, in a hydraulic jump (30.58) shows that w,/c,—0 when F—>oco (or
Uy [cx—>]/3).

The experimental investigations by BAKHMETEFF (1932) have shown that
the hydraulic jumps in a horizontal rectangular channel are in excellent agree-
ment with the predictions of the ““one-dimensional” hydraulic equations (30.54)
through (30.60). BAKHMETEFF found that depth increases as high as 104, were
in excellent agreement with (30.56). However, he found that for Froude numbers
of the oncoming flow less than 3 (i.e., F; </3) the profile of the normal hydraulic
jump developed undulations, and the relative length of transition became in-
determinate because the undulating surface made the region of parallel flow
increasingly remote from the start of the wave front, as indicated in Fig. 45c.
It is interesting to note that Fy =3 corresponds to the maximum absolute eleva-
tion that a hydraulic jump can reach with a given %, (although there is no limit
to do/d,), since (30.53) and (30.56) may be combined to give

which attains its maximum elevation of £/, above the channel bottom only for
F, =}3; at this condition we have

h_, po3 M1 ke _ 19
dl

278 4, 87 hy, 20’

9
— (1, .
10 =

Uy Uy ==
This shows that for all the undulating hydraulic jumps (¥, < }/3) the change in "
total head is less than 5 % ; consequently these jumps can be approximated by
the isentropic, potential-flow relations. This is of great aid in calculating the
slant or oblique hydraulic jumps, as shown in Fig. 45d, since the characteristic
epicycloid values of f(Fy), as given in Table 1, may be used in the manner indicated
in (30.46) to approximate the change in Fy, F, or7) upon turning through an angle#
by means of an oblique hydraulic jump whenever dy/d;—1. The comparison
between the value given by /(%) in Table 1 for compression to I, =1, is compared
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with the exact values for the corresponding oblique hydraulic jumps in Fig. 46.
It is seen that, although the gas-dynamic shock wave is not a satisfactory ap-
proximation for F;>>73, still the isentropic potential relation /(F;) provides an
excellent approximation for much greater values of I since the criterion for oblique
hydraulic jumps is that the flow component normal to the discontinuity satisfy
F, sin a<</3.

The exact relations for the oblique hydraulic jump are given by PREISWERK
(1938) and can be obtained by simply adding the same velocity component
(w=w,=w,) tangent to both faces of the hydraulic jump as shown in Fig, 45d.
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Fig. 46. Maximum flow deflection (== 1), and reflection (# = 2),

This results in the following equations (which reduce to the preceding ones for
a normal hydraulic jump by simply letting 90 and a—n/2):

g 1 tana . tana | [w/Vgd, ]2
1™ 2sin?a tan(a — @) tan (@ —9) | | sine | ’
d,\3 sing ]2 wyfVg dy 12
2 _ 2% ~ o/ Vg 4y
F=K (dz) sin (& — §) sin(oc—ﬁ)] ’
dy tane A Vi REPamza 47 "
T T = 2[V1+8Fl sinfot — 1] = "y

_tana [J1 + 8F?sin?o — 3] (30.61)

2tan?e — 1+ V1 + 8Ffsinzoc ’

g L ]/1 (4% ) _ wllgdy
51na~ﬁl/2(d1)(1+d1)~— £

. 1 1/1 (d\[, | 4\ uflgdy

sinfe =) = /5 (2] (1 +5) = HE%

" The last two equations in (30.61) clearly show how the oblique hydraulic jump

approaches the same value as given by the isentropic, potential relation f(F) at

any value of F as long as dy/d,—1, since they reduce to the isentropic, potential

characteristic curve given by (30.31) whenever ¥—0 and d,/d;—>1. As a matter

of fact, as previously mentioned, (30.61) shows that the oblique hydraulic jump
. angle («) can be approximated as in Fig. 44 by

1 . . ' d 2
o == - (arcsin F'4arcsin F3 1 4-9) + 0({2—2 — 1) + 099, (30.62)
1

tand = -
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