Sect. 13. Some mathematical solutions. 477

In the next to the last equation we shall change the order of integration, write
cosRAk=cosRAvcosRA(k—v)—sinRAvsinRA(k —)

and use the following theorem from the theory of Fourier integrals': If f(x) is
a differentiable function in [a, oo, if '(x,), %, > a, exists, and if {(x)/x and f'(x)/x
are both absolutely integrable in [a, o], then, as R— oo,

f;(x) —‘”f;(;J dr=nf()+0(5), PV fo; (1) < =0(%). (13.16)

Remembering that both 7 and 7;* are O (R™1), one finds
1
(%, 9,2) = — 4vet O [(1 — A9 ~tsin R Avd A - O(RY).

0

The asymptotic expansion of this integral is well known? and we may write

o (%, v,2) =—2mv ev(yM)l/Z; sin (Rv — %) +0 (71?«)

If we can find a harmonic function ¢, satisfying 1., 2. and 4. and having the
asymptotic behavior

2 1
B e e e Rl
then

o, singf=— w(y+b>l/_2__ i ot (i)
$1CO80 L+ pysinot 27y e oy 30 sm(Rv ot 4)—|—0 =

will be a solution, The following function fulfils the requirements?:
Po(%, ¥, 2) =2y e+ Jy(Ry).
We note in passihg that ¢, has the same asymptotic behavior as
— 2@y e YT Y (R).

The final result is

D(x, y,2,1) = [-} + Pvfg-j—: 0+ ] (k R) dk] cosat 4 ,
; (13.17)
+2myer+d [y R)singt, v =o%g.

HaskiNDp (1954), using a derivation having some similarity to that used below
for the two-dimensional case, has found the following form for @:

y
D(x,y,21) = {-}—I"::—I—Zv e”yfe%:zdy—2nve"(3’+”)Yo(vR)l cosgt -+ (3.7
o0
+2ry et [y R)sinot.

It is sometimes convenient to use the complex form for the potential, g e~*°¢,

with 00

px, v,2) = L + PVf;:%; et I (R R)dk +i2mveD Ji(wR), (13.17")
0

4

1 See,e.g.: S:BOCHNER,Vorlesungen iiber Fouriersche Integrale, Leipzig,1932, ch. I and §8.
% See, e.g., A. ERDELYI: Asymptotic expansions, p. 43. Dover, New York 1956.
3 See the first Eq. (13.7) and G. N. WaTson: Bessel functions, p. 199. Cambridge 1949.
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478 Joun V. WEHAUSEN and EDMUND V. LAITONE: Surface Waves. Sect. 13.

for then Re ¢ e~ gives (13.17) and Im ¢ e~%¢ the source potential for an out-
going wave with singularity of the form 7~1sin 2. Eq. (13.17') may be written
analogously. By deforming the path of integration in a familiar way one may
also express ¢ (¥, y, 2) in the form [cf. HAVELOCK (1942, 1955)]:

Ky (2 R)

ak—
k2 492 (13.47"")
— 2@y OO Y (W R) -5 2y e’ J (v R).

<P(x,y,z)=~:-+7i1—4~;f[vcosk(y+b)—ksink(y+b)]
0

In the analogous problem for finite depth % one replaces 4. by 4'. @, (x, — &, 2)
=0 and proceeds somewhat similarly. However, in order to satisfy 4. it is
convenient to look for a solution in the form

D(x,y,2,8) = [rt 4" + @y (%, 9, 2)] cos ot + @y(, y, 2) sing £,

=& —a?+(y +2h+0b2+ (2 — ).
Eq. (13.11) then becomes
Po = Ao(k, B) cosh k(y + )

and (13.14), now more complicated because of 1 and 73!, becomes

where

2(k+v)e—kkcosh k(b + k)

Ao (k,9) = ksinhkh —ycoshk i

e—ik (acosd4-csind)

The final formula for the velocity potential is
D(x,v,2,1)

[o,]

K 1 2(k+v)e—*%cosh k(b + h) cosh & (y + &)

_[7+Z+Pvf ksinhkh —ycoshk i Jo(k R) dk|cos ot +
0

(13.

4 27 (my -+ v) e~k sinh my k cosh my (b + k) coshmg (y + &

) .
v kb + sinh2my h ]o(moR) smmot,

where m, tanh myh—v =0, ¥ =0?/g. The form of the last term of (13.18) may
be altered by using the identities

e~mhsinhmoh 20~ Mk coshmyh My — v

vh+sinb®mgh  2myh-sinh2mgk  mih—12h v

JonN (1950, p. 95) has derived the following series for @, the analogue of (13.17""")

a2
D(x,y,2t) = 2n~v—2ﬂ—~ cosh #y (v + k) cosh my (b + k) X

hmd — hv? +p
X [Y(mo R) cosat — [y (my R) sinot]+ ¢ (13.19)
o] 2 2
+ 4&#% cos my (y -+ h) cos my (b -+ ) K, (my R) cos o',
where m;,, k >0, are the positive real roots of m tan m# -+» =0. Either expression
may also be given in complex form as in (13.17").

Potential functions satisfying the condition (13.9), but with » cos ¢t in 3.
replaced by a higher-order singularity have been given by THORNE (1953) and
HavELock (1955). In fact, THORNE gives a rather complete census of the possible
singular solutions for both two and three dimensions and for finite and infinite
depth. Included are series expansions as well as integrals. For infinite depth
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the general expression which includes (13.17) is

e8]
B (cos @) ]
D(x,y,4,1) = V;(:ls~+w ot PVj - knek(y+b)]m(kR)dk %
0 (13.20)
X cosmacosat+—(%:_—W2nv”+1e”(3’+b)]m(vR) cosmasinot,

where cos @ =(y—1b)jr, x=Rcosa, z=Rsina. Here P are the associated
Legendre polynomials defined by

m
Bl p) = (1 —p )’”’27 Bw), m=mn.
The asymptotic behavior of (13.20) is given by

D(x, 9,51 = (T,;:)’::;\ 2n "Hev(”b)l/an Sin(vR—ot—— 2m4+1 n) —(—0<%).

It has been pointed out by both HaverLock (1955) and MacCamy (1954) that
solutions can be constructed which vanish much faster than this at infinity. Let
the function of {13.20) be denoted by @,. Then @, ,—v{n— m+ 1)1 P, is the
followmg function:

see B%1(cos ©) v Em(cos @) m ir1(—cos @)
e T h—m 1 A +(=1) ! +
(13.21)
4 (— 1" Y B (=c0s6)) | o mat cos ¢
(10" — i S C ® COS @

where cos O, = (y +b)/ry, Vi = (x —a)2 + (y + b)2+(2—c)2. For y =0 and large R
these solutions are O (R~*"1) if m and » are both odd, O (R~*"?) if one is even and
one odd, and O (R~"~%) if both are even. Although they have the form of standing
waves, they satisfy the radiation condition because they decrease so rapidly with
large R.

In addition to the papers cited above, one can find treatments of the submerged
source of pulsating strength in KocHINY (1940) Haverock (1942), JorN (1950,
p. 92ff.), where a detailed discussion is given for the case of finite depth, HAs-
KIND (1944), and Liv (1952). The definition of the improper integral in (13.15)
and following is not always the same in these different treatments. In some
cases the variable % is treated as complex and the path of integration deflected
around the singularity 2=y by following a small semi-circle in the lower half
of the k-plane. The radiation condition is then automatically satisfied if one
writes @ in the complex form ¢ e’ @ =g, +i¢,. Other treatments achieve
the same end by introducing a ““fictitious viscosity”” sy which has the effect of
replacing the singularity at £ =y by one at 2 =v -4y and thus placing the path
of integration below the singularity. In the end one must find the limit of the
solution as y—0. The fictitious viscosity has no relation to real viscosity and
may be considered a mathematical device to enable one to interpret an improper
integral in a suitable way (for the purpose it seems to be infallible).

Source and vortex of pulsating strength in two dimensions. The
two-dimensional problem can be formulated analogously to (13.9), and solutions
founid in a similar manner. The fundamental singularities will now be of the
form log 7 cosat, ¥ cosn @ cosat and r"sinn@cosot, n=1,2,.... The
results are given in the paper of THORNE (1953) cited earlier. We shall follow
a different method here in order to illustrate the use of complex variables to
solve such problems.
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480 Joun V. WEHAUSEN and EDMUND V. LaiToNE: Surface Waves. Sect. 13.

We shall consider simultaneously a source of strength Q and a vortex of in-
tensity I"at the point ¢ =a +¢b, b<<0. In the notation used at the end of Sect. 11,
we shall be looking for a function f(z, #) analytic in z and of the form

f(z,t):[ﬂﬂlog(z—c)—I—fo(z)]coso‘t—i—fz(z)sinat, Ime<o, }.

270
=f, () cosot 4+ f,(2)sinat,

where f, and J, have no singularities in the lower half-plane. In addition, f; and f
must each satisfy the free-surface condiction (11.7) which we write

Im{f(x —i0) +ivf,(x —50)} =0, wv=og, k=12 (13.23)

Condition 4 of (13.9) will be taken in the somewhat stronger form,

(13.22)

lfol EM for |z|=m and lim |f;] =0, (13.24)
y—>—Q
where m and M are given constants. The radiation condition becomes:
Jim Re{fi£vf}=0, lm Re{pFvfi}=0. (13.25)

Following a method apparently originally due to LeEvi-Civita (see TONOLO,
1913), but used frequently by KELDYsH (1935), KoCHIN (e.g., 1939), STOKER
(1947), LEwY (1946) and others, we introduce the functions

A, (z) = fa(2) + v [i(2). (13.26)

ImA,(x —¢0) =0, k=12, {(13.27)

Then (13.23) becomes

and (13.22) becomes: the two functions

Aoe) =4y () — D5 1 T 1o s

and A4, (z) are both regular everywhere in the lower half-plane. A function 4 (z)
with Im A (x—10) =0 may be continued into the upper half-plane by defining
A(x-+iy)=A(x—1iy),y >0, the bar indicating complex conjugate. Since 4,
is regular in the lower half-plane, the extended function will be regular in the
whole plane. In addition, one may derive easily from (13.24) that |4,(z)|<
Clz| +D for sufficiently large |z|: then, from the regularity of 4,, such an
inequality holds in the whole half-plane and hence in the whole plane after reflec-
tion. It then follows from a known generalization of LiouviLLE’S Theorem!
that A,(2) =az-b, where a and b are constants. It follows from (13.27) that
a and b are real. The differential equation

f3(2) +4vfa(z) =az+0b
fz(z)ZCe—i”—ﬂz—ji_{_ a

v Y p2’

has the solution

The condition lim |f;| =0 requires 2 =0. Thus, finally
fo(2) = C,e~%"* 4-i By, B, real.

One may set B, =0 without loss of generalify. Incidentally,  this provides a
proof of the theorem of SToKER and KELDYSH mentioned earlier [shortly after

Eq. (13.6)].

1 See C.CaraTHEODORY: Theory of functions of a complex variable, Vol.I, §168.
Chelsea, New York 1954.
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The function A,(2), after extension into the upper half-plane, will consist
of four singular terms plus a function regular in the whole complex plane, say
Aslz):

I'+1 1 I'+i I'—i 1
Ay (z) = ;;,ZQ e B4 j;glog(z_c)—j;%g;jjg-l-
—I—WP;;Q log (z —¢) + A,(2).

Since 4, satisfies (13.27), and the four singular terms taken together also have
vanishing imaginary part for y =0, the same must hold for 4;. Hence A3 must
have the same form as 4,. Substituting the resulting expression for 4, in (13.26),
one has a differential equation for £, (z). The solution is

fln="152 =

21

log (2 —c¢)+

log (z—¢)—

7T

_ _b_‘l_Qe—-wzf eivu d% + C e—iva 44 Bl»
where B, is real and the path of 1ntegratlon is in the lower half—plane As in the

case f,, we may set B;=0. C, and C, must now be chosen to satisfy (13.25).
Making use of

o0
eti’u
w—F du =27 ee,

—00
one can show that

Atvfp=—ivC e 4y Che " +0(zY) as x->-}oo,

ft=vfo=—2i (—iQ)e = —4yC e "*—pCoe ™+ 0(zl) as x-—>—oo.
This gives . i i
Com— (T —iQ)e, Cy=—i('—iQ)e".

One rriay easily verify that this choice of C; and C, does produce outgoing waves.

If one makes the change of variable »(u—z).=—k(z — c) in the integral
term in f, and deforms the resulting path to O x, one finds

2
. i —ik(z—¢ , -
i du:PVf————e RO Gkt mieived),
u—=e k—w

oo

Substituting this in the expression for f,, one finally obtains

(o= [F g g+ L g = 2) +
(13.28)

o0
— —ik(z—E )
L I=ie Pvf etGH dk] cosot— i (I'— i Q) e=*t=Dsin g,
7 R—w
Singularities of higher order may be found by differentiating (13.28) with
respect to z. The expression for f'(z, #) may be put into a somewhat different form
by using

28t 2—¢€

o0
Ir-ig 1 _I-iQ [e—ik(z—c)dk_
2m
0

Handbuch der Physik, Bd. IX. ' 31
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Then

e, f) = [IU( Q1 ;_J_Q_. PV[ k +v eihle- °>dk] cosgt —

274 Z-—-—E

— ([ — 1 Q)e vl “)sm(yt.

Sect. 13.

(13.29)

One may continue differentiating, using either form for f'(z,#). Thus, from

(13.29)
f(n)(z t) - F+1Q (=)t n—1)!

27 (z — o) o

— ’“1(2( M 1pvfkn 1k+: —ik(z— Cdki(COSO't——

— (=" —zQ) e~l=8gingt,

(13.30)

By setting I'=0, z—c=7 e!7=0) =4y ¢—%® (rather than the conventional
r &9 in order to-distinguish easﬂy symmetrlcal from unsymmetrical solutions)
and taking the appropriate real or imaginary part, one fmds the following formulas

for @(x, v,1):

D5, y,0) = | 1108 1 — PV/ tohcosilr—a) dk] cosat —
L

— Qe+ cosy(x — a) smo't,

D(x, y,1) = ,2% fgs;gg _
n—1 o 5
-ersfeelt — <(;:)1)T5%PV/.}¢"—1,I;{._% et vt cosk (x—a) d’kl cos ot —
0
- %}1_21 Qv e’ Wt¥ cosy(x — a)sinat,
, . .
B (v, 9,4 = l’z% S
j— 1

-ersregt -+ ((nf_)zv o Vf -1 k i—v ) sin k (x—a) dk] cosat -+

o \B—
+ ((n” Q’V e? (v+h) S]nv(x—d) sinot.

(13.31)

In the formula for the logarithmic singularity », may be eliminated and the coeffi-

cient of cos ot written as [see JoHN (1950, p. 100)]:

Lrogr+ LBV [ |G 0 cos k(v —a) + e~ dk.
0

For water of finite depth the method used above does not work as conveniently
because of the difficulty of formulating the boundary condition on the bottom,
Im f'(x —4ih) =0, in terms of the function A4 (). However, it can be done, yield-
ing a differential-difference equation for f(z) which can be solved by use of
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Laplace transforms®. The method used for the three-dimensional problem
can also be carried through [see HASKIND (1942b), JouN (1950), and THORNE
(1953)].

It is convenient to separate the vortex from the source. The resulting func-
tions are as follows:

vortex:
f(6.8) = |57 log (s =)

—»—PVf kv e—kksinhk(h + b)sink(z —a + i k) dk}

(z—cq) —

Esinhkj — pcosh £ & cosot— o (13.32)

r +m0 e~k sinh m h sinh my(h+-b) sin my (¢ — a4 k)
My v h + sinh®mg b

singt;
source:
(z,)—[glog(z——c)—}— log (z — ¢5) — Qlogm_

—kh 1y
QPvf (1 TR S st (133

1J~|~m0 e~k ginh my hcosh my(k-+b) cosmy (z—a-+i k)
gy v b+ sinh? mgh

—Q sinot.
Here ¢y =a—1 b—24¢ k. The remark following (13.18) concerning the form of
the last term of that formula applies also here. The real part of either of these
gives the corresponding potential function.

For the source, the integral representation and the series representation
analogous to (13.19) are:

q§<x: ¥, t) { Q 10g + 10g___

g {éi_ze—khcoshk(h—{-b)COShk(y—f—h)cosk(x a) e—kh
__,,PV/{ Zsinh k h—pcosh b i 7 }dk cosot—

o1t v+mo e=h ginh my b cosh my(h + b) cosh my (¥ -+ k) cos my (¥ — a) sinot
B My ¥ h 4+ sinh?m, & o
1 ml — p?
T‘QWOh my— kv +v
1

cosh mg (v + h) cosh my (b 4+ k) sin [my |x — a| — o ¢] —

(o]
—Q> - Wmi%cos my, (v 4 k) cos my(b + k) e~ ™ la—algin g ¢,
x - ' :

THORNE (1953) gives the potential functions for the higher-order singularities
and the function for the logarithmic singularity in a form involving » and »
and hence more analogous to the one in (13.31). VOITSENYA (1958) has derived
the: complex potential for a source-vortex situated in an infinitely deep fluid
of density g, lying beneath another of density g,< g, and of thickness d.
Source of constant strength in uniform motion: three dimensions.
We shall assume the source moving in the direction Ox with constant velocity
uy. Let (x,9,2) be coordinates in a system moving with velocity #, in direc-

1 Cf. S. BocHNER: Vorlesungen iiber Fouriersche Integrale, pp. 167 —168. Leipzig 1932.
31%*
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484 Joun V. WenauseN and EpmuND V. LarToNe: Surface Waves. Sect. 13.

tion Ox and let the source be at (a, b, ¢), b<<0. Then, from Sect. 11, we wish
to find a function ¢ (%, v, 2) satisfying

1. Ap =0 except at (4, b,¢),
2. @.{%,0,2) +vp,(x0,2) =0, v=glu,
3. @(x 9,2 =rt+ @5, 2),

where @, is harmonic in the region y <0, (13.35)
4,  lim gradg =0,
P —00
5. xginoograd @ =0,

For fluid of finite depth 4, 4. is replaced by 4'. ¢, (¥, — &, z) =a. Without con-
dition 5, demanding vanishing of the motion far ahead of the source, the solution
would not be unique. The profile of the free surface is obtained from % (x, 2) =
87t @, (%, 0, 7). Strictly speaking, the solution of (13.35) will represent a sink,
i.e. a source of strength — 1. However, we shall continue to call such solutions
sources.

A solution to this problem may be obtained by methods very similar to those
used for the source of pulsating strength. The details will not be repeated, but
can be found in HAVELOCK (1932), SRETENSKII (1937), KoCHIN (1937), LUNDE
(1951), PETERS and STOKER (1957), TiIMMAN and VosSERS (1955) and elsewhere.
The result is

9(x,9,2) = ——i—-—‘/‘dﬂPerk(y—*_b)cos [k (x — a) cos @] cos [k(z — ¢} sin ] dh—

kcos?d — v

(13.3¢
— 4vf (r+5) SW”sm [v(x — a) secP] cos [v(z -- ¢) sin sec? #] sec? § dP,

Q
where

P=(x—a?+(y—02+E—0? rA=@E—a?+ [+ + (=0 »=guj

The potential functions for higher-order singularities are unwieldy and will
not be given. The one corresponding to "1 P, (cos @) can be easily obtained by
n-fold differentiation with respect to y, if one remembers that

B (cos®)  (—=1)* (1
The dipole with axis in the direction O is obtained by differentiating (13.36)
with respect to x and will be used later.

The velocity potential for a source moving in fluid of finite depth has been
calculated by SRETENSKII (1937) and by HASKIND (1945b). The form given
below is essentially that given by LUNDE (1951):

wm%@:i+i-

——fdﬁPer khcosh k(v -+ k) [cosh k(b + &) (k cos?d + o) — ] %

kcos2dcoshkh —ysinhkh

see
erratal

X cos [k(x — a) cos ] cos [k(z — ¢)sind] dk — (13.37)

3
_ 4fne—koh sech kg i cosh By (y + &) [cosh ky (b + &) (kg cos? P + v) —v]

cos? @ — v hsech? Ry h X

B

X sin [ky (x — a) cos &] cos [ky(z — ¢) sind] d,
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Sect. 13. Some mathematical solutions. 485

where £y =F%,(8) is the real positive root of
ky—wvsec?dtanh kgh =0, Jy<B<inm,

where ¢, = arc cos Vvh if vh =ghlui<<1, $y=0if vh=1. As before, 7 = (x — a)?
4+ (y—=08)2+(z—c)? and 3= (x—a)?++(y +-2k D)2+ (z—c)z. We note that
ko (@) <wsec?d, ky(9) >0 as Py, ko (9)/v sec2P —1 a519~>2 mand &y (#) — v sec2
as h— 0. In the double integral the pr1nc1pa1 value is necessary only for §, <9<
g7, for the singularity does not occur in the denominator for 0= < 9. The part
of the double integral with 0 < &<, approaches zero as x— 4 o0, so that no
correction is necessary -in order to satisfy condition 5. This is the explanation
of the lower limit &, in the second integral. In this integral the denominator
vanishes only at ¢ =4¢,. One may verify that the integral is convergent by
noting that K@) = _Tko_s_in 26

cos®* ¢ — vhsech?kyh

and rewriting it as an integral with respect to k,. When %4 oo, (13.37) reduces
to a form of (13.36) in which #, is absorbed into the double integral.

For the stationary pulsating source the asymptotic form of the velocity
potential for large R was found in the course of deriving the potential function.
For the moving source of constant strength the asymptotic form is more difficult
to compute. Since the form of the free surface, y =gus e, (%, 0, 2) is of principal
physical interest, we shall discuss the asymptotic form of ¢, instead of ¢.

Introduce cylindrical coordinates ¥ —a=Rcosa, 2—c=Rsina into the
¥ derivative of (13.36):

— Rcosa R coso
[R?+ <y—b)21* [R? 4 (y + b)2)}

P (R, o, y) =
sin [k Rcos{® — a)] + sin [k R cos (& + «)]
+— fsecﬁalﬁPVf o) k —vsec?d kdk— (13.38)

%n
— 2v2fe” ) sectd foog [y R sec? 9 cos (@ — )] +

0 -+ cos [¥ R sec? ¢ cos ( 4 «)] sec® @ d.

For large R the first two terms taken together are O (R73). Apply the theorem
(13.16) to the integral with respect to k. This gives, after combining with the
second integral,

in
P (R, «, y) = szfsec319evw+b) sectd v
0
% {cos [» Rsec? @ cos (¢ — «)] [— 1 +sgncos (& — a)] - (13.39)
+ cos [¥ Rsec?d cos (& + )] [— 1 + sgn cos (& + )]} dd 4 O(R™Y).

Since @, is symmetric in «, we consider only 0=<a=<n. We have for 0=a<3n

dn
(px(R: o, y) —_ = 47’2 f Secsﬁe”(ﬂ'-l-b)sec“a X
tn—-a
X cos [» Rsec?® cos (& + a)]d9® + O (R,
and for fn<a<a

in
@ (R, e, y) = — 492 [ secP e Hosectdcog [y Rsec?d cos (& + )] dd —
a—4m 0

— 49% [ sec3 erlytiisec® cog [y R sec? P cos (B — )] dd + O (RY).

0

(13.40)
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486 Joun V. WEHAUSEN and EDMUND V. LAaiTONE: Surface Waves. Sect. 13.

Consider the two integrals containing cos (# +«) and let
A =sec?dcos (& +a).

Then for 0<a< }n the integral becomes

()
2 e¥ (y+b)sectd
-4v2fsin( il ——cosyRAdA.
0

28 + &) — 3sina

If $n<<a<<s, the lower limit is cos . In either case one may show that the
coefficient of cosyRA is single-valued, continuous, absolutely integrable and
monotonically decreasing as a function of A. By integration by parts one may
then establish the following estimates as R— oo (cf. S. BoCHNER, Vorlesungen
iiber Fouriersche Integrale, Leipzig, 1932, §3):

for 0S a< 3
O(R™2);
Cfor in<a<am
er(y+
V"Rs

Asm (vRcosa) +O(R?).

If o ==, the two integrals in (13.40) combine to give

[o0]

-
: Vz=1

:4v2m ev];%b) cos (v R — % :rc) +O0(RY).
Consider now the remaining integral in (13.40), and let
1 (9) =sec?Pcos (¥ — o).
The integral takes the form

0
— 8v2‘/‘ev(y+b) sect §

cosyRAdA

cosy Ry
sin (29 —a) + 3sino ap.

cos o

The denominator now becomes zero when
A tan® = — fcota[1 + VT:‘QEEE], (13.41)
an equation which has real roots when tan?« < £, i.e. when
180° —19°28' ... << << 180°.

When 37 <a<sm—arcsin § =a,, the Fourier-integral estimate used for the other
integral may be applied to give

»(y+b) Sin (v Rcos ) _
4y er(0+Y) W+O(R 2,

When a,<<a<<z, & is a two-branched function of y4 and the resulting two
integrals each have singularities at one of the limits. Thus the elementary method
of analysis used above can no longer be applied. However, a modification of
the method above can be carried through?!; the classical treatment is by the method
of stationary phase which is well discussed in STOKER (1957, Chap. 8).

1 See; e.g., A. ErRDELYI: Asymptotic expansions, pp. 46—56. Dover, New York 1956.
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Sect. 13. Some mathematical solutions. 487

The estimates already derived are of the same- order as the remainder term
in (13.39). Analysis of this term produces terms which cancel the terms in 1/R sin «
already derived, thus removing an apparent singular behavior near the x-axis

The asymptotic form for the surface (R, «) above a source of strength =
(i.e. —mfr) is as follows:

for 0= a<m — arcsin} =g,

(R, o) =0((v R)?); (13.42)

for o = e,
n(R, a,) :4.3%11(%)%@R)~5ew cos (—23—vR) +0(( R)-1);
for a, <a <

Uy [1 - 9sin2 a]i
X {sechd e?5e" %icos (v Ry — § 7r) + seck Py icos (v Ry + §71)} + O (v R)1);
for a=m

n(R, 7) ———4]/271— vR) tertcos(wR— ) +O((WR)™).

Here ¢, and 9, >, are the two roots (13.41) and u,(<0) and Uy <py the cor-
responding values of sec® ¥ cos (ﬁ—a) As a—>a,, 9;—~arctan 32, u;—~ —3V3;
as a—>m, % —>0, yy—> —1, 9> 3m, uy—> — oo. In order to have some idea of
the form of the free surface far behind the source, one may graph the curves

YRy (o) —tm=—2nn, vRu,(&) +in=—2nm n>0,

showing the traces of the wave crests in the region
7 — arcsin + <« < & + arcsin §.

This gives the well known pattern shown in Fig. 1a. The first equation gives the
transverse waves, the second one the diverging waves. The wavelength along
a =17 is 27/v and along the boundary lines 47 /3/3v. The expansion is not suit-
able in the region near the bounddry lines o =a,. As a—>o,, o >a,, the term
[1—9sin? x]t—0 and the amplitudes become infinite. A special investigation
of the region near « =w, is necessary and shows (¥R)~* as leading term; » may be
expressed in terms of Airy functions [cf. URSELL (1960)].

Essentially the same:pattern is produced by a moving concentrated pressure
on the free surface; it was first analysed by KeLvIN (1906 =Papers, Vol. IV,
Pp. 407—413). The asymptotic behavior for moving pressure distributions has
been extensively studied [e.g., HooNER (1923), TETURO INUI (1936), PETERS
(1949), BARTELs and DowNING (1955)]. LAMB (1926) has given the asymptotic
form of the surface over a moving submerged dipole. The form of the surface
near the moving dipole has been investigated by HaveELock (1928), who gives
traces of the profile on planes & = const for several values of « between § and =
(the radial lines of Figs. 1b and ¢) and for [b¥| =% and 4. HAVELOCK’S computa-
tions were later used by WIGLEY (1930) to produce the contour curves shown in
Figs. 1b and c.

A similar analysis may be made for (13.37), a source moving in fluid of finite
depth. For a moving pressure distribution the problem has been treated by
HaveLock (1908) and TETURS INUT (1936). The pattern is modified as follows.
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488 Joun V. WEHAUSEN and EDMUND V. Larrone: Surface Waves. Sect. 13.

If A >1, the pattern is qualitatively like that for 4= co. However, the wedge
within which the disturbance is chiefly contained has a wider aperture and as
vh—>1 the aperture approaches s radians on each side of the line of motion,

s % B
£
W == 4

e 4

= bv=4

Fig. 1a—c,

In addition, the wave length of the transverse wave system increases and ap-
proaches infinity as y4—1. When vA =1, the transverse wave system is missing
completely, but diverging waves still occur in a wedge of aperture varying from
7 to 0 as vh—0. [See also EXMAN (1006), who has considered the free surface
over a dipole on a flat bottom.] ‘
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Fig. 2 from HavELOCK (1908) shows the half-angle of the aperture.

KocHIN (1938¢) has gone further in this type of problem. He has derived the
potential for a source situated in a fluid of density p, and depth %, bounded below
by a plane, over which is lying another fluid of density g,< g, extending infinitely
far upwards. The lower fluid moves with velocity ¢,, the upper with velocity ¢,
in the same direction. He also finds the asymptotic behavior of the solution.

Singularities of constant strength in uniform motion: two dimen-
sions. For submerged sources and vortices in two-dimensional motion the
complex-variable method used for the pulsating source may again be applied.
For infinitely deep fluid, the computation g
has | been “carried out in this way by
Keipyse and LAVRENT'EV (1937) and
KoCHIN (1937); a detailed exposition is
given in the textbook of KocHin, KiBEL'
and Rozg (1948, Chap. VIII, §19). Have- ol
LOCK (1927) and SRETENSKII (1938) have ”‘,Z,_
treated the problem by different methods. L
The complex velocity potential foracom- el 0 vy 4 o v 000y
bined source of strength @ and vortex of ' 4 uw/ WF
intensity I"at ¢ =a +4-1b, b<C0, is given by

Fig. 2.

r r—i _, I'— ¥ givu
Ho =T 0g e — o) =L 10g (s — 5+ L =12 -’”*fue_.,)d

= FJ”.Q log (2 —¢ ——F—i.Q log(z—¢) —2("—1iQ)e =04
271 2@
I'-:i9 e—ive eivu
| +— fu_ du, s (13.43)
_I'+i@Q Q 1,Q e zk(z—a)
S log (z—c) — log (z — PVf

see

—(—iQe

' The, real velocity potential for, say, a submerged source can be obtained from
any of these equations. The last one gives a form analogous to (13.36):

@ (%, ¥) =%logf +%logh+
(13.44)

+ %ij. ek(y+b)]::o—s_k(x— a) dk "I—Q e”(y‘l‘b) Sinv(x_— a).

v

Higher-order singularities can be obtained by differentiating (13.43). The complex
velocity potential for a dipole of moment M and axis in the direction e** is given by

13
. M eta M e—ix IMy o i [ €Y
1) = 2@ z—c¢ ' 2m 2—¢C a ¢ ¢ u—o_d%
- M ela M e~—ix 4 o—ia /‘e —ik(z—¢) (13'45)
__‘Ez—c—l—-?y?z—?f—l_ PV : dk
—Mve—“" ki i

"Surface Waves Online" - Copyright 2002, Regents of the University of California. All Rights Reserved.


See separate file errata.pdf


See separate file errata.pdf


Ronald W. Yeung
"Surface Waves Online" - Copyright 2002, Regents of the University of California.  All Rights Reserved.


490 Joun V. WEHAUSEN and EpMUND V. LAITONE: Surface Waves. Sect. 13.

If in the last term of the first equation of either (13.43) or (13.45), one makes

use of the identity
—ivz elvi f — e ivu
€ fu—— c du = 2=t —C

it is not difficult to see that this last term is equivalent to a distribution of dipoles
on the ray from ¢ to — oo parallel to the x-axis. The moment density and axis
can be determined for the three cases, source, vortex and dipole, by comparison
of the integrand with the first term of (13.45).

For the case of finite depth the complex velocity potential has been calculated
by TixkHONOV (1940) and is also given by HASKIND (1945a) for both source
and vortex. We give separately source, vortex and dipole:

source:

1) =2 Tog (z— ¢) + -2 log (s —c5) +

20 oo [h+y gy coshRGAER) o1, b (13.46)
+7PV[ W C wsmnhh— Fooshkh S g RE—atik)dk ,

Qv coshk &+ &)

ky v h— cosh? &y 2

-sinky(z —a +1h);

vortex‘
1) = L1 I
() = —~ Og(z*c)—'m 0g (2 —¢g) —
o
= htv _a,  sinhRGLR) : b (13.47)
_?{PV/ 7 Ssinb ik — Fooshin SR (r —a i k) dk +
0
I'v sinhky (b +k .
7%%102(311%7)}& cos ko2 —a +1h);
dipole
fo) = — M &n M emi

(13.48)

—np €*sink(z — ) + e—%sin & (

(o0
M 2 — 6)
_EPVf(k+v)e ysinh k4 — kcosh k h dk+

+ _KJK em €08 ky (2 — ¢) + e—i%cos ky (2 — c,)
v h — cosh® &y

Here c,=a—14b-+27h and the last summand in each of (13.46) to (13.48) is
to be deleted if v =gh/c? < 1; k,is the positive real root of y sinh k4 — kcosh kb =0,
which exists only if v4>1.

Asymptotic form of these functions as ¥ — — oo is easily seen to be given
by double the last term in each expression. When »%<C1, the disturbance is
only local, a fact which corresponds to the absence of transverse waves behind
the three-dimensional source for vh<C1.

Kocuin (1937a, b) has derived the complex velocity potential when fluid of
density g, overlies the fluid of density g,> g, containing the singularity. The
lower fluid may be of infinite or finite depth; the upper one is taken infinitely
deep. Their velocities may be different.

Source of variable strength, starting from rest and following an
arbitrary path. Consider now a source whose position and strength at time
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Sect. 13. Some mathematical solutions. 491

t = 0 are given by (a(f), b(#), ¢(f)) and m (f), where b(t)<<0. Let m(f) =0 for £<0.
The conditions to be satisfied by the velocity potential @ {x, y, z, #) are

1. 4D =0, vy<0, (%92 = @@),>b{),c@),

2. Dyy(x,0,28) +gDy(x,0,2,1) =0,

3. D(x, 9,2t =m{)r1+ Dy(x, v,z t), Dy harmonic everywhere in y << 0,
4, hm grad(D—O forall %,z and f,

5. 11m grad(ﬁ—o for all ¢,

6. @(x 0,2 0) = @,(x,0,z 0) =0.

Here 72 =(x—a(}))? -]—(y——b())z—f—(z—c(t))2, R=(x—a(t)}?+ (z —c()®.

If one assumes a solution in the form
:
errataf D=mrt—milr4 D

where 73 = (¥ —a)? -+ (y + )2 + (z—¢)?, then @, must be harmonic in y<0 and
satisfy 4., 5., 6. and

Dy, (%,0,2,8) 48 Dy, (%,0,2,8) =—2gm () b(t) [(x—a)2+ 24 (2—c)2]~%, t=0.

It follows from the conditions that, for <0, @; =const, which we may take as
zero, Let @, be the Laplace transform of @;:

B, (%, v,2,5) = [e D, (x, v,z 1) dt.
0

Then @, is a harmonic function in y< 0 satisfying 4. and 5. for each s and also,
after making use of 6., the condition

s2®y(x,0, 2, s)—l—g@y(x, 0,2,5)=— Zg}Oe—s‘m(i) b{t) [(x —a)2+ b2+ (2 — c)2]~Ed¢.
0
Since

£ B 5 y,55) +¢Byln v, 59 +
2 [emm() (y+b(0) [lx — )+ (y 2+ (e— )] Ha

is a harmonic function in y<C0 vanishing on y =0 and at infinity, it is identically
zero. Making use of (13.12) differentiated with respect to y and changing the order
of integration, one obtains

52 @s(x, v,8,8) +¢ 51y(x, v, 2, $)

- %jok dkéfodt e=Stm (1) ek(y+b)_j!d19. i kl(x—a)cos B+ (z—c)sin 8]
oo o0
=2g [kdk [dte=stm(®) 0+ Jo(k [(x — a)2 + (z — c)2]4).
0 0 '
The §solution for @, is

D, (x, 9, 2, 9) :2gfdk }E%g—k fdte—”m(t) et +0) I (R R(H)).
0 0
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Making use of the convolution theorem and the fact that (s2 +gk)-1 is the trans-
form of (gk)~4sin (gk)? ¢, one may find the original function @ (x, y, z, #):

Oy(x,9, 5 ) =2 [k (g ¥ fdsin [(g ) (¢ — )] m(z) 4000 [, (& R (x).

For fixed ¢ one may easily verify, using known properties of the Fourier-Bessel
transform?, that @, is o(R~% and hence that 5. is satisfied. One has then the
result

D(x,y,2,1) = Jﬂ—»kg——l—z‘/‘dkgk%fdrm 7)sin[(g k)t (t—7)] X

7 (1)
x b0+ J(k R (7))
/drm(r sin [(gk)t (t—7)] %

X ek [y+b (T)+i{r—a(m)cos d+1 (z~c(1))sm19]

me  me) (13.49)

T AT

By a more refined analysis of the behavior for large R [cf. STOKER (1957, pp. 190
to 191)] one may establish that @ is O (R2) and @ and P, are O(R%) as R — oo.

For some time ¢ >4, = 0, one may write @ in the form

D(x,y,2t = 2fodk (g k)?ffud'rm(r) sin [(g R)} (¢ — 7)] * eI J(R R (7)) +
0 0

m{@)  m()
r(®)  n)

+

)%f_dorm(‘r—l— to) sin [(gB) (¢ — 2, — 7)) X

X R+ (R R(7 + 1)) = Dy (, ¥, 2, 8) + Py(x, ¥, 2, 1).

Here the first summand @, represents the effect at time ¢ >¢, of the action of
the.source from ¢ =0 to ¢ =#,. The remaining terms, @,, are the same as (13.49)
with ¢ measured from £, (m (f) =m (t—#,+1,), etc.), and show the effect at time ¢
of the action of the source from ¢ =1, to ¢ =¢. (This is, of course, what one would
expect from the linearity of the problem and the fact that the choice of =0 is
arbitrary.) When ¢=¢,, @, reduces to

Thus
Dy(x, 0,2, 8) = 0.

This fact provides a basis for HAVELOCK’S procedure in similar problems, a
procedure originating with KELVIN in the treatment of moving: pressure distri-
butions. The idea is roughly as follows. Divide the path of the source into small
segments of time span A¢. If A¢is small enough, the effect of gravity upon. the
fluid motion produced by the source during this time interval will.be negligible,
and one may take the boundary condition at the free surface to be @ =0. The
distortion of the surface resulting from the action of the source during this short
interval is found and the future behavior of the distortion computed while taking
account of gravity. Summing over all A¢ and taking the limit leads to the po-
tential function.

1 Cf. G.N. WarsoN: Bessel functions, § 14.41. Cambridge 1944,
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The expression (13.4¢) has been essentially given by HaskiNp (1946b) and
BRARD (1948a). Special choices of m (f) and of the motion of the source lead to
cases similar to those treated earlier. Thus, if m(f) =m cos of and (a, b, ¢) is
fixed, one has the potential function for a stationary source of oscillating strength,
starting to oscillate at #=0. Carrying out the ¢ integration and taking a limit by
using, say, the Fourier Integral Theorem (13.16) allow one to derive (13.17).
The radiation condition is automatically satisfied. The velocity potential for
finite values of # may be written in the form

mcosoi mcosat

D(x,y, 4 t)=———=— e +
X
+2m coso‘tPVfi%T/zek(ﬁb)fo(kR)dk— {13.50)
— 2mPV f 008 (eh)it o+ [ (& R) dk

The tleading term in the asymptotic expansion of the last summand gives the last
summand of (13.17).

If one takes m(f) =m =a constant, a(t) =a,+uyt, b{t) =by, c(t) =c,, one
obtains the velocity potential for a source suddenly brought into existence at
{ =0 and moving with constant velocity in the direction-Ox [cf. LunpE (1951,
p- 18)]. A limit as f-—>oo will give (13.36), the proper beundary conditions at
infinity being again automatically satisfied. For finite ¢ the velocity potential
in a coordinate system moving with velocity u, in direction Ox (X =x—uyt, so
that @(x, y, 2, {) = (%, y, 2, 1)) is given by

®(% v, 21) —~——~+

7
3
+ %fdﬂfdk (g k)} em+bn+mw)1fdrsin.[(g E)b ik eosd {13.51)
A

0
@ (@) = (% — ap) cos P + (z — ¢p) sin ..

The two cases just discussed may be combined by choosing m (¢) =m cos ot
and a(f) =a, +uyt, b() =b,, ¢(t) =c,. The modification of (13.51) is simple:
a factor cos of must be put with the first two terms and a factor cos o{t—17)
put 4dt the end of the integral. The asymptotic form as ¢— o0 can again be found
by use of the Fourier Integral Theorem (13.16) or simple modifications. How-
ever, if the resulting formula is written out as principal-value integrals plus
other terms, the expression is very unwieldy; it may be found in HAVELOCK
(1958). Use of complex integrals allows one to compress the formula. Let

p(%, ¥, 21 :mcosat(%——%) LmRee=it gy, @y =g+,
Then

:%Ofydﬂofm:zw(ﬁ, E) +%€j;ﬂLlfdkF(0: k) +%infnd'9hfd”(ﬁ’k)’

k ek [y+bot i (B—as) cos 8] cos [k (5 — ¢ sin$]
gk — (0 -+ kuycos9)? ! (13.52)

F@, k) =
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where T =, 0lg,
0 if 7< !
4
Yy = 1
arccos— if 7= —,
' 4
0 ky Ry 0 ky k,
S 7 >k O/ N >k
L, L,
— V1 = 47 cos
Vek Vb === Sy o

V@ _V—gﬂ 1+VT—4tcos19

T 2rcosd

This potential has been derived by HASKIND (1946a), BRARD (1948a,b), Ha-
NAOKA (1953), SRETENSKII (1954), the last with an unfortunate mistake in sign

Fig. 3.

in one term, EGGERS (1957), and HAVELOCK (1958). HHANAOKA, BRARD, EGGERS,
and SRETENSKII have each considered the asymptotic form of the surface for
large R. Fig. 3 shows_qualitatively (cf. BECKER 1958) the curves of equal phase,
say the crests, for the various systems of waves formed. The patterns must be
completed by reflection in the w-axis.

Motion of a source on a circular path of radius D may be treated by taking
a==Dcosct, c=Dsingt in (13.49). For constant s this problem has been
considered by SRETENSKI (1946a,b, 1957), HAVELOCK (1950), and STOKER
(1957).

One may derive a formula analogous to (13.49) when the source moves in
the presence of both a horizontal bottom at y=—7% and a free surface. The
derivation may be carried out along lines similar to those used in deriving (13.49).
The resulting velocity potential is [cf. LUNDE (1951, p. 32)]

_om) | om [ _an cosh k(h+b (1)
P,y at) =5+ Zm(t)f B AR

0

X cosh k(y +B) Jo(k R() dk + 2 /dk]/ Cosijzhhkﬁ;?kh % (13.53)

xfdrsm[t— ) Vg & tanh & ] m (z) cosh & (h +5(2)) Jo(k R (2)),




Sect. 14. Some simple physical solutions. 405
where B=(x—a®))2+(y +2h+ b))+ (z — c(t)).

Two-dimensional formulas corresponding to (13.49) and (13.53) may also be
derived. They are as follows, with the source and vortex separated for finite
depth:

inﬁnite depth'

2.7I'L
(13.54)
— /[F 7)—1Q(t ]d'rf——e—“” el sm[]/gk ¢—1)]dk;
depth %, source:
i) =Mlog(z—c(t)) + 20 10g (: — 5 s) +2i8) +
+4 c:ﬁ};h cosh k(b{t) + k) cos k(z — a(t) +ih)dk —
’ . (13.55)
_ & _sechzkh B )
Jektanh 4k dkﬁf Q(v) cosh k(b (r) +-h) cos k{z—a (z) + i) X
depth , vortex: xsin[|/gktanh & A(t — 7)]dv;
r _ .
[ ) =0 10g (s —c(t) — 2 10g (z — 7 (4) + 24 h) +
~ ki
-i-ﬁ77 : kczshkh sinh 2(b(f) + h)sink(z — a(t) + i h) — 1556
sech? % &
Bl ﬂ[ngtanhkh ak [F(T Smhk(b(’ +h)sin k(s —a (7) + ¢ k) %
xsin [)/g ktanh &4 (¢ — ) ]d.

Higher-order singularities may be generated by taking derivatives with respect
to z. One may transfer to moving coordinates, etc., just as in the three-dimensional
case’ [see Haverock (1949) for {13.54) in moving coordinates]. The velocity
potential for a steadily moving source of pulsing strength in two dimensions has
been given by HASKIND (1954, p. 23 ff.), who also gives the asymptotic expressions
for large values of + «. ‘When 7<%, there exist one wave far ahead of the moving
source propagating in the same direction and three far behind, one propagating
in the same direction and two in the opposite direction; when 7> %, there exist
two waves far behind propagating in the opposite direction. The analysis for
finite depth has been given by BECKER (1956).

14. Some simple physical solutions. In this section we consider periodic waves
in an ocean of infinite horizontal extent, either infinitely deep or with a hori-
zontal bottom, in canals, and at an interface. The linearizing parameter ¢ of
Sect. 10a may be taken to be the ratio of amplitude to wave length.

o) Standing waves in an infinite ocean. Itis appropriate to the physical problem
to require that the motion remain bounded everywhere.

Consider first two-dimensional motion. Then, from Sect. 134, the only solu-
tions of the form @ = ¢ cos (¢ + 1) are given by

D(x,y, ) =ae’Vcos{px +ajcos{ot + 1), »=0%g {(14.1)
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for infinite depth, and

D(x,y,t) = acoshmy(y + &) cos (my x + ) cos (ot + 1),

14.2
mytanhmgh —v =0, (142)

for finite depth.
The corresponding forms of the free surface are given by

n{x, t) =Acos(vx +a)sin (ot + 1)
n(x,t) = A cos (myx + o) sin {0t + 1),

respectively. These represent standing waves according to our definition in
Sect. 7. We recall that m, >».

I

and

~a
i
~

K7 n/2
’ | | Y \I
-7 -7
a b
Fig.4a and b,

It is of interest to examine the streamlines and the paths of the individual
fluid particles. The streamlines of the motion can be easily found from
dy &

T Efzcot(vx + o)

and

d L)
%:ﬁ: — tanh m, (v + ) cot (my x + &),

respectively. The streamlines are then

e’ —vm |sin (v x + )| =1
and
sinh mg (y + h) [sin (mg % + o)| = sinhmg(y,, +4), 0=y, =h, (143)

for infinite and finite depth respectively; here v,, is the lowest point of the stream-
line. If the fluid is infinitely deep, the streamlines are all congruent. Fig. 4a shows
three of them for a quarter wave length and o« =0, y =1. The vertical line x =0
is also a streamline. If the fluid is of finite depth, the streamlines vary with
depth. Fig. 4b shows streamlines corresponding to y,, =0, — 0.5, — 0.9 for « =0,
h=1, my=1. The horizontal line y =—1 and the vertical line ¥ =0 are also
streamlines.

Since the streamlines are time-independent, they also contain the curves
for the trajectories of individual particles. However, the trajectory of an individual
particle will be an oscillating motion of small amplitude along a segment of the
streamline passing through the point. Thus, in Fig. 4b the particles on the bottom
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simply oscillate back and forth about an equilibrium position, those directly
beneath a crest, i.e. at ¥ =0, oscillate vertically, etc. In view of the infinitesimal-
wave approximation used in this chapter the streamlines have physical significance
for only a small distance above the equilibrium free surface, y=0.

‘In order to investigate, at least approximately, the behavior of the trajectories
more fully, we. may replace the actual trajectory by its tangent at an average
position, say (%, ¥,), an approximation consistent with the assumptions made
in linearizing. Then the equations describing the trajectory become (setting
o ==T ==0)

ax
dt

. d
= —aye’Psiny x,cosat, (Tf =ave’Pcosyx,cosot

for:infinite depth, and

%tﬁ = — g my cosh my (v, 4 A) sinmg %y cos g ¢,

i% = q my sinh my (v, + h) cos #m, % cos ¢ ¢

B B e/ e
\\\\1‘J__&”,/ M

Fig. 5.

for finite depth. The approximate trajectories are then
X =12y~ aoctye’¥siny xysinet, y=y,+aoclveYcosyx,singt (14.4)
for infinite depth, and

% = %y — a ¢~ my cosh my (yy - k) sin m, %, sin o ¢, } (14.5)

Y =Yy + a g mysinh my(y, + h) cos my %y sin o't
for finite depth. For infinite depth, the amplitude of oscillation drops off very
rapidly as depth of the equilibrium position increases, the ratio of the amplitude
at depth ¥, to the amplitude at the free surface being e**. The same ratio for
the case of finite depth is
sinh? mg (v + h) + sin? m, x,
sinh®my b 4 sinZmy x,

Thus, on the bottom, when y, = — A, the amplitude is zero under the crests and
maximum under the nodes. As is evident from the equations of the trajectories,
the |path lines of particles on the free surface are approximately as in Fig. 5.
In order to explain the apparently inconsistent behavior at the nodes one mus.
go to a higher approximation than the linearized theory used in this chaptert

Let us now consider three-dimensional solutions. The standing-wave solutions
are of the form

D(x,y,28) =¢e?y(x ) cos(ct+ 1) for finite depth,
or
D(x, v, 2,t) =coshmy(y - k) y(x, 2) cos (0t + 1) for finite depth,

where y(x, 2) is a solution of
Aoy +v2x =0 or dyy+myy =0,

respectively, regular everywhere in y<0.
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408 Joun V. WEHAUSEN and EpMUND V. LArTOoNE: Surface Waves. Sect. 14.

Two particular cases are of especial interest. The first corresponds to separa-
tion of variables in rectangular coordinates [see {13.5) and (13.6)]. The solutions
are

@D(x, v,2,t) =ae’?cos (ky ¥ + &) cos (kg2 + ) cos (ot + 1),

14.6
BB == o, | e

for infinite depth, and

D(x, v, 2,t) = acoshmy(y-+h) cos (k, x+ ) cos (R, 2+ y) cos (6 t+7)
Bk =md, omytanhmyh —v =0,

} (14.7)

for finite depth. The other solutions result from separating variables in polar
coordinates [see (13.7) and (13.8)]. They are

DR, o, v, b)) =ae’? J@wR)cos(ma +d)cos (ot -+1), n=01,..., (14.8)
for infinite depth, and

D(R, «, v,t) = acoshmy(y + k) J,(myR) cos (nee + d) cos (ot + 7),
n=0,1,...,

} (14.9)
for finite depth. The form of the free surface may be found immediately from
n(x, 2,8y =—D,(x,0, 2, t)Jg. These are all standing waves.

The streamlines and path lines may be found for these two cases with no
special difficulty. For the first case for finite depth the streamhnes are the inter-
sections of the surfaces

ISlnklx]m:Cl[SinkZZIkg, }

|sin &, % sin &, 2| sinh my (y + ) = C,. (14.10)
The vertical lines, ¥ = pm/k,, 2 =qm/k,, passing through the maxima and minima
are streamlines. The points on the vertical lines ¥ = (p +3) wt/ky, 2 = (g + 3) /s
passing through the sattlepoints are all stagnation points. The projection on
f) y=0of the field of streamlinesisindicated
qualitatively by Fig. 6. The behavior in
Z a projection on a vertical plane is simi-
lar to that for two-dimensional motion.
In the second case above one may
easily visualize the streamlines for the case
of pure ring waves, #=0. For finite depht
they are given in a plane « =const by

ﬂ’/l(i z
Fig. 6. iy R J; (my R) sinhmy (y +h)=C; (14.11)

together with the vertical lines at the zeros of J,(myR). The behavior of the
curves is qualitatively similar to that of the two-dimensional case.

In both cases approximations to the path lines can be found as in the two-
dimensional case.

B) Progressive waves in an infinite ocean. By taking the proper linear combina-
tions of the standing-wave solutions one may obtain progresswe waves. Thus,
adding

D, =aeVcosvxcosegl and Dy=ae?sinvxsingt,
one obtains
D =ageVcos(vx —at) (14.12)
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which represents a progressive wave moving to the right with velocity

_9_ ¢ _1/g _1/8*
=Tt o|fE]/5, (14.13)

where A= ﬁn/v is the wavelength. Subtracting yields a progressive wave moving
to the left. If one takes the coefficient in @, as @, and in @, as 4,, the sum may be

written D =L [(ay + ap) cos (v x — 0 8) + (a; — ay) cos (v x + o1)].

This is a superposition of two progressive waves of different amplitudes, one
moving to the left and one to the right. If a4, =a,, a pure progressive wave is
obtained; if @, =0, one obtains again a standing wave, as a superposition of two
progressive waves moving in opposite directions.

For water of finite depth % the corresponding expressions for @ may be
obtamed by replacing €' by cosh m,y(y +4) and v by m,. The phase velocity

is glven by :
czi:l/é’tanhmﬁzvi’ltanh--—%ﬂ—. (14.14)

My w, 27 A

As'h— oo, the velocity approaches that obtained above for deep water. In fact,
if #/A >0.2, the velocity is already within 0.1 of the value for deep water. ¢ is
an increasing function of A, but cannot increase indefinitely as in the case of in-
tinitely deep water, for (14.14) implies

c<Jgh. (14.15)
The streamlines for the progressive wave moving to the right are given by
eY|sin (v x— o¥)| =C and sinhm,(y + h) |sin (myx — ot)] =C (14.16)

for ‘infinite and finite depth, respectively. At a given instant ¢ these have the
same shape relative to a crest as the streamlines for a standing wave. However,
since they are time-dependent, the path lines for particles do not lie on the stream-
lines. - The path lines may be found approximately for a particle with equilibrium
position (x,, ¥,) from the equations

ax ay
Fvi_:@x(xo: Yo, 1), ar T y(xo’yo’t)'

This approximation is consistent with the assumptions made in linearizing the
boundary condition, as can be seen by assuming a solution in the form

2@) =xtex )+, ) =votey () 4o,

where ¢ =aov/2m g for infinite depth and ¢ =aomyf2m g for finite depth, sub-
stituting in the exact path equations, and retaining only first-order terms.

For infinite depth the particle trajectories are given by
X=xy—avotePcos (v x,—0t), y=1vy—avoteMsinpry—oi). (14.17)

The particles follow circular orbits of radius ayo~!e¢’% about the equilibrium
position (%,, ¥,); at the top of the orbit they are moving in the same direction
as the wave. The orbital velocity is a» e’%, so that the motion dies out quickly
as |y,| increases; for example, at a depth of one wave length the velocity and
orbit radius are only g3z the value at the free surface. Although the particles
at the crest of a wave are moving in the same direction as the wave, their velocity
is not necessarily the same and is, in fact, much smaller in view of the assumed
smallness of &==(av/c) (v/2m).
3%
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For finite depth the orbits are elliptical with the major axis horizontal:

X = x()_ amoo“l COSh mO(yO + h) €08 (mox - Gt)’} (1418)

Y =y, — amyotsinh my(yy + ) sin (myx — o'?).

The particles again trace the orbit in a clockwise direction except that on the
tbottom they simply oscillate along a horizontal segment. Fig. 7 from RUELLAN
and WALLET (1950) shows the path lines for a variety of cases of superposed waves.
The topmost picture shows the orbits for a pure progressive wave moving to the
right. The bottom picture is a superposition of progressive waves of equal ampli-
tudes moving in opposite directions, i.e. a pure standing wave: The intermediate
cases show superpositions with varying ratios of the amplitudes. The intermediate
cases are instructive in that not only path lines, but also streamlines are visible.

Since the progressive-wave solutions are steady with respect to a coordinate
system moving with the wave, it is clear that we could have obtained a steady-
state solution as a small motion superposed upon a uniform flow. If we take a
complex velocity potential in the form

F(z) = —cz+/(2). (14.19)
Then [see Eq. (11.6)] f must satisfy
Re{igf+c2f}=0 for y=0
and either |f'|—0as y— — oo or Im /' =0 for y = — k. The solution for the first
case, infinite depth, is given by
f=ae " =qe?[cosyx —isinvx], »=g?. (14.20)
The solution for the finite-depth case is given by
[ =acosmy(z + ¢ h)
= a [cos my x cosh mg (v + k) — ¢ sinmg x sinhmy (v + 4)],

} (14.21)

where m, must satisfy
c2my— gtanhmyh = 0.

The same relation is found in (14.14). A real solution does not exist if ¢?/gh >1
and in this case there is no wave-like motion consistent with the linearized theory.
~ The streamlines, identical here with the path lines, are obtained from

—cy +yp(x ) =0.
One may replace this equation, consistently with the linearization assumptions
[cf. (10.18)], by
—cy +y(x v) =0,

where y, is the mean height of the streamline. Thus, for finite depth, they are
given by

y = — Zsinhmq (o + k) sin mq x, (14.22)

an easily constructed family of curves. In the foregoing we have tacitly taken a
to be real. However, it may be complex and thus include waves of different phase.

We note finally that (14.8) or (14.9) allow one to construct waves progressing
like the spokes of a wheel. However, outwardly progressing waves can be con-
structed only when the solution involving Y, is used, and this has a singularity
at the origin.
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Fig. 7 a—g. Particle trajectories in progressive and standing waves.
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y) Periodic waves in vectangular canals. Let us suppose that the fluid is con-
tained between the planes z=0 and z=d. Then the velocity potential must
satisfy the additional conditions

D,(x,9,0,8) =D, (x,9,d,t) =0. (14.23)

This condition is automatically satisfied by the two-dimensional waves discussed
in 14«, so that they present no special interest here. However, condition (14.4)
does restrict the three-dimensional solutions (14.6) and (14.7), for k, must now
satisfy (taking y =0). n

he="T, n=1,2,....

Since k% + k2 =2 or m3, there can be no solution periodic in x unless

d
n< 2 or n<—%—d—, (14.24)
44 T

respectively. Hence, for frequencies below a certain critical frequency ¢y, where

al—l/— or 01~I/ > ta h* (14.25)

for infinite or finite depth respectively, there can exist no three-dimensional
standing waves in a canal.
Let us form a three-dimensional progressive wave in a canal of finite depth
by adding standing-wave solutions:
D(x, v,z t) =acoshmy(y + h)coskyzcos (kyx —ot), ky=nmnjd.

The velocity of the progressive wave is given by

2 2 2\ —1 hwm, b
s _ 00 __ _niz tanh m,
¢ gh( m%dz) my b

_ <¢h (1 (14.26)

n nz)_1
mg d2
As in the case treated above, there can exist no three-dimensional progressive

waves unless ¢ >0;. However, if they exist, their velocity is higher than the
velocity of two-dimensional waves of the same frequency.

One may define similarly a sequence of critical frequencies gy, 0y, ..., where

k Y kah
o'k:l/ Zg or gk:l/ dgtanh Z ;

when ¢,<6<<0,,, k types of three-dimensional waves are possible with 7 =
1,2, ..., k.

8) Waves at an interface. Let us now suppose that two fluids are present, one
lying over the other. Variables referring to the upper and lower fluids have
subscripts 2 and 1 respectively. From (10.7) and (10.8) the linearized boundary
conditions for a small disturbance are

@ly = sz, H
01 [Py +¢ ¢1y] = 0 (Do + ¢ @2;,] , }

both equations to be satisfied at the equilibrium position of the interface. We
shall consider several typical problems.

Let the upper fluid fill the region ¥ >0, and the lower fluid the region y <0.
We require of a solution that

{(14.27)

|grad ;| —~0 as y—> —oo and |grad @, -0 as y—> -+ oo,
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In looking for a standing-wave solution, one may, following Sect. 14«, take
Dy =a e g(x,z)cos (0t + 1), Dy=a,e™Vp(x,2)cos(of+71),

where the relation between 4; and «a, and  and ¢ is to be determined by (14.27),
and g satisfies
Ayp +m2 @ =0.

The first Eq. (14.27) gives immediately that
M +a,=0.
The second one gives the relation

2=a"0 4, 14.28
01+ Qo £ ( )

The equation of the interface may be obtained from (10.8):

n(x, 21 = algm @(x, z)sin (6¢ + 7).
Since a; = — a,, there is a discontinuity in # (and w if the motion is three-dimen-

sional) as one crosses the interface.

The special choices of ¢ (x, z) made in Sect. 14 may, of course, also be made
here. In particular, one may make progressive and standing waves. If one forms
two-dimensional progressive waves at the interface, one finds for the velocity

2 OL— 02 i . ,14'2
¢ Gt g m ( 9)
1f one assumes the fluids bounded above and below by planes y =4, and
y = — Iy, respectively, a similar calculation shows
2 [ T

hlg;ﬁhmhl—}—@zcothmﬁ;gm' (14.30)

It is clear from (14.28) and (14.30) that these solutions exist only if g,<Cgy.
The case g, > p, will be discussed later.

A more complicated problem of this type is the following [cf. LaAMB (1032,
§ 231), GREENHILL (1887)]. Suppose there is a solid horizontal bottom at y = — 4,
an interface at y = —d and a free surface at y =0. Then, in addition to (14.27)
at y=—d, @, and @, must satisfy

Dy +8Dyy=0 at y=0, @D,=0 at y=—h,
If one seeks solutions of the form
D, = (ay coshm y + bysinh m y) @ (x, z) cos (ot + 1),
D, = a,coshm(y + h) @(x, 2) cos (ot + 1),

substitution in the various boundary conditions yields the following relation
between ¢ and m:

(E%)z [0y coth m d cothm(h — d) -+ p,] —
- (14.31)
— @ [cothmd + cothm (h —d)] + (01 — gs) == 0.

If g;<<p;, one may establish that there exist two positive solutions for ¢2 for
a given m, so that two possible frequencies are possible for a given wave pattern.
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If the bottom fluid is taken infinitely deep, one replaces coth m(h —d) by 1 in
(14.31) and the two solutions simplify to

2 2 _ O =0 2
o] =§gm, 0y =8 M glcothmd—]»gz <01' (1432)
The first solution, oy, is the same as would be obtained if the two fluids were
identical (and there is no discontinuity in # and w at the interface); the second,
gy, is interpreted below. The inequality ¢3<<¢? holds in general, and one may
establish
2 2
"%~ ftanhm d, tanhm (h — d)} < —L- < min {1, A tanhm h} . (14.3%)
gm gm Qs
If one computes the ratio of the amplitude of the disturbance at the interface
to that at the free surface, one finds, no matter whether % is finite or not,

coshmd — —g% sinhm d. (14.34)

An examination of the roots of (14.31) shows that the ratio (14.34) is negative
for the smaller of the two roots and positive for the larger. Thus, in the solu-
tion associated with the smaller root, a maximum of the disturbance at the
interface is associated with a minimum of that at the free surface, and vice
versa. On the other hand, with the larger root the maxima and minima go together.
For the values given in (14.32), the ratio becomes

e™md and — % emd (14.35)
0 @
respectively. We note that, although the first ratio is <1, the second is in ab-
solute value >1 if g, (1 +¢”4) >, >p,, a condition satisfied if g, is only slightly
greater than g,. In fact, the ratio may become very large.

For a given wave length and amplitude of the wave at the free surface one
may also compare the amplitudes of the two different modes of motion at the
interface. If 4, is the amplitude associated with the frequency o;, then for the
case b = oo one finds

Q2 1+ tanhm d
T pp—o0, 1—tanhmd’

Ay
4,

which may be either less than or greater than 1.
It is of some interest to examine somewhat further the solution associated

with the smaller root o, of (14.31). Then, since a,/b, = gm/o?, the inequality (14.39)

implies that there exists an A, with 0<<%,<d such that

2
&zﬁztanhmho<tanhmd<1
gm ag

and that -
D, =Va§ — b coshm (y + hy) (%, 2) cos (ot + 7).

Thus the part of the top fluid between y =0 and y = — &, behaves as if there
were a solid boundary at y = — k,; and, of course, the fluid between y = —4,
and y = —h as if it were between solid boundaries. If one has selected solutions
for @ which can be combined to form a progressive plane wave, then one may
conclude that the velocity ¢, =0,/ associated with this mode of motion has
an upper bound:

Cy= ]/;gﬂ— tanhm by < 'I/gd.
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In fact, when 4 = co, one may verify immediately from (14.32) that

€y = V—% tanhm d Ejr% = ng —Ql-élﬁ = Cypmax -
Thus for A = oo a progressive wave travelling faster than ¢, ., will consist of only
the one mode of motion, i.e. the one associated with o,. If c<<c¢y .., there may be
two modes of motion excited. This fact is associated with the phenomenon of
“dead-water” resistance of ships [see LAMB (1916a), EXMAN (1904), SRETENSKII
1934)].

( Tor superposed fluids one may also find solutions analogous to (14.20) and
(14.21). Let us suppose that the first (upper) fluid flows to the left with mean
velocity ¢, and the second with mean velocity ¢;. We wish to find the possible
steady periodic profiles of the interface, assuming as usual that the disturbance
is small. The complex velocity potential for each fluid is taken in the form

) =—cz+/(z), K@E=—czt+h(E). (14.36)
The conditions to be satisfied at the mean common boundary, y =0, are:
et Imf, =ctIm/,,
—1 N ! 2 11 : —1 f2 . 2 2 } (1437)
ot Refigh +cih} =000 Re{igfy+ 312}

If each fluid extends infinitely far vertically, then
f1=ﬂ1 e——imz, s = d, gtms

give a steady-state solution if

Mo 4y
o Cy
and
glor — 04)
m ==t > (), 14.38
0163+ gx ¢k (43 )

where a, is the complex conjugate of a,. If the upper fluid is bounded by y =5,
and the lower by y = — 4, then the solution is

fi=ajcosm(z+-1hy), [fy=ay,cosm(z—1h,),
where, letting a, =o, +18,, k=1, 2,
By

& . 04 .
—Lsinhm b = —7251nhmh2, “Lcoshm b, = by

=2 cosh m hy
2 2 G b

and
"= glgs— 0) (14.39)

" g cicothm byt g, cEcothma,

In either case the equation of the interface is given by

1
y=;%%®-

SRETENSKII (1952b) has considered a three-dimensional analogue of the above
problem in which the direction of flow of one of the fluids makes an angle ¢
with that of the other. Thus, take velocity potentials of the following form:

Dy(x,9,2) = — cy(xcos® + zsind) + @, (%, ¥, 2), }

14.40
Dy (%, y,2) = —c1 %+ @i (%, 9, 2). ( )
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The following are the boundary conditions at the interface #(x, 2) for small
disturbance:

P2y (¥, 0, 2) +c(n, cos? +m,sind) =0, ¢,(%,0,2) +¢1,=0, ]
(01— 02) =016 91,(%,0,2) — 0363 [@2,(%, 0, 2) cos I + @y, (%, 0, 2) sin 9] I

For a solution in the form

(14.41)

pr=A,emVcos (ky x + ky2), @a=Age"Vcos(kyx +ky2), ki kE=m2,
the following relations must hold

Ay ¢y Rycosd + kysind
4w
and (14.42)

016} BE + 04 ¢8 (ky cos & + kg sin )2 = gm(o; — 0y)-

These reduce to (14.38) for ¢ =0, k, =m, as they should. The equation for the
interface is

y== A1 sm (ky % + Ry 2). (14.43)

SRETENsKII studies the properties of the solution in more detail.

As a further extension of the preceding cases one may consider a time-depend-
ent disturbance at the interface between two fluids flowing at different velocities.
This will be treated in the section on stability of motion.

A natural generalization of the two-fluid system is the #-fluid system [see
GREENHILL (1887)] and then the heterogeneous fluid with density given as a

series
0%, ¥, 2,t) =00 (y) +e0M (%, y,2,8) 4 2 o® 4 ..

If one assumes a similar expansion for $ and expansions for %, v, w, and # starting
with &, one may derive easily the linearized equations. These, discussion of some
periodic solutions, and references to the literature may be found in LamB (1932,
§235). GROEN (1948) has shown that the period for simple harmonic motion
in the linearized problem is a monotonic increasing function of the wave length

starting with the minimum 27z]/——@0 (v)/g 0o(v) for A= +0. This theorem has
been generalized by HEyNA and GROEN (1958) to allow a free upper surface.
GROEN (1950) discusses properties of internal waves in an expository way and
gives further references to the more recent literature. For some pertinent theo-
rems about waves in heterogeneous fluids see Sect. 328.

15. Group velocity and the propagation of disturbances and of energy. In the
last section we considered periodic waves at a free surface or interface. In this
section we wish to consider waves of a given but fairly general initial form and
study the way in which they propagate. Although this will entail writing down
the solution to a particular initial-value problem, this is of only incidental interest,
the chief interest being in the history of the form of the free surface or interface.
Initial-value problems as such will be treated in more detail later on. In fact,
the remarks below apply equally well to other initial-value problems, for example,
an initial distribution of velocity on the surface. What is essential is the resolution
of the subsequent motion into a set of waves moving to the right and of ones
moving to the left, as in (15.2).

The property of the fluid and its boundaries which is most important for this
investigation is the functional relation between the frequency ¢ and the wave
number k. The earlier parts of this chapter have shown that considerable variation
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is possible in the form of ¢ (k). The two-fluid example with both free surface and
interface gave a doubly valued function. A multiply valued function could have
been obtained with more layers. However, each branch, or the branch, is a de-
creasing function of %, approaching zero as £ — co. When surface tension is taken
into account (see Sect. 24), the form of ¢ (k) for large k£ changes; it then becomes
an increasing function, behaving like k. 1f % is large enough, o (k) decreases
initially, i.e. for k<Ck,, reaches a minimum at %, and then increases; if 4 is
small enough o (k) is everywhere increasing. It will be convenient to extend the
definition of o (k) to negative % by setting o(— %) = — g (k).

«) The propagation of an initial elevation. Let us suppose that at time =0
the free surface is given by ¥ =#(x, 0) and that the fluid is at rest. How does the
free surface behave subsequently? One may conveniently think of this as an
initial humping up of the fluid near one point, but this is not essential. We shall
also suppose that #(x, 0) is sufficiently restricted to allow a Fourier-integral
representation. In part of what follows we shall also assume it to be square
integrable, i.e. the total available energy is finite, and on occasion that x# is
square integrable., Let

7 (%, 0) = foo[C (R)coskx + S(k)sinkx]dk

0 . (15.1)

= [e **E(k)dk =2 Re [ e ***E (k) dk,
oo 0

where

C (k) :%fn(x, 0)coskxdx, S(k) =1 .[n(x, 0)sink xdx,
00 —00

4

E(ly= = fn(x, 0) eihsdx = 1 [C(k) i S(B)].

We shall call E(k) the spectrum of 9 (x, 0). Note that E(— k) = E*(k), the complex
conjugate of E(k) (we change notation temporarily in order to avoid conflict
with the notation for averages introduced below).

A formal solution for @ and #(x, #) may be written down immediately:

o0
D(x, 9,8 = ‘fg%)— Y(y) [C(k)cosk x + S(k)sink x]singtdk
0

- 32’;) Y(y)E(k)e~***sinotdk

—00

=1y fi’ﬂ Y (y) E(R) [e~# =08 — e=itbrton] 4}, (15.2)

o0
n(x 0= [ [C(k)coskx+ S(k)sinkx]cosotdk

0
o0

= [ et E®) cosotdh= - f E(k) [e~t¥=01 e~ +o0] 7,

—o

Here Y (y) =cosh k(y + &)/sinh k4 for a single fluid of depth &, Y (y) =e*¥ sgn &
for infinite depth (the peculiar modification of Y for %= oo is necessary for
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k< 0). However, more general situations are allowable in which, for example,
7 (x, ¢) describes an interface. The choice of an expression for @ has been based
upon the kinematic boundary condition @,(x, 0, ) =#,(x,?) in order not to
exclude the possibility of surface tension. For simplicity we also restrict ourselves
to single-valued ¢’s. For more complicated problems, such as the two-fluid
problem with both free surface and interface discussed in Sect. 14 6, the freedom
to fix both #, (%, 0) and 7, (%, 0) independently requires the determination of two
spectra for each surface with relations between them set by (14.34). The remarks
below will still apply to motion resulting from each spectrum separately. Finally,
we note that a statement concerning specific conditions to be satisfied by % (x, 0)
for the case of a single free surface may be found in a paper by Kampf pE FERIET
and KoTix (1953).

It is clear from (15.2) that one may express 5 (x, f) as a sum of two functions,
one, say %y (¥, f), representing a superposition of waves moving to the right, the
other, 7,, waves moving to the left. We consider only #; since similar remarks
apply to #, with x replaced by — x. The spectrum of 7y, is given by 3 E(k) e?°®)?,
so that clearly o (k) plays an important role in the change of shape of 5. Since
each harmonic component in 7, is moving to the right with velocity o (k)/k, and
since this is not a constant in the cases we have been considering, the different
components will move with different velocities and we shall expect 5, to change
its shape with time, even though moving as a whole to the right.

In order to get some idea of the overall motion it is reasonable to try to com-
pute an average position of 5z (x, #) and find how this moves.” One must first
decide how to define the average position. One possibility, which, as we shall
see presently, is unsatisfactory is to use #y itself as the weighting function, i.e.
to define

() = [ xne(v, b)dxf [ ng(x 0 dx
when this exists. An easy computation shows that
Tp(t) =% (0) +0'(0) ¢,

i.e. the average motion is, on this definition, independent of the form of o (k)
except near k=0. For deep-water gravity waves ¢’(0) = oc; for depth %, ¢'(0) =
Vek, the maximum velocity [see Eq. (14.15)]. In conformity with the above
one may define the “spread’” of the hump to be

(o] _ .4
(5= n(x, ) dx ] [ ng(x 1) dx.
—s0 —00
A computation shows that this remains constant in time, when it exists. This

definition of average is unsatisfactory, as could have been expected inasmuch
as the weighting function can become negative. We note in passing that

[o0] [ ]
[ nr(x, t)ydx = [ng(x, 0)dx,
—00 —oo
an expression of conservation of mass.
Another possible weighting function without this shortcoming, but still allow-
ing ease of computation, is %% (¥, ). We note first that

[na(x, tydx = [nh(x, 0)dx="%n [ E(k) E* (k) dk.
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